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ABSTRACT

In this study, two-auxiliary exponential type estimators of finite population mean in Two-phase are proposed.
The proposed estimators are extension of (1) estimator finite population mean in SRS to Two-phase sampling.
The study investigated efficiency of the proposed estimators by utilizing the ratio of bias to standard error
(RBSE) as a proxy to examine confidence limits for estimates. The expressions for the bias and Mean Square
Error (MSE) of the estimators were derived. A comprehensive simulation study was carried out to show the
efficacy of the estimators as compared to conventional estimators using Coefficient of Variation as a
performance measure. Furthermore, a small sample from real data set was utilized to validate the performance
of proposed estimators under two varying correlation coefficients amongst variables in the parameter space.
The results of both the simulation study and real life studies have shown that the proposed estimators were not
only asymptotic, more efficient but produces estimates that are more precise than most of the existing
estimators considered in this study.

Keywords: Bias, Correlation Coefficient, Asymptotic Relative Efficiency, Ratio of Bias to Standard Error,
Regression Estimators.

INTRODUCTION

In survey sampling, estimators are widely used within the design-based mode of inference both at the design
and estimation stages for large-scale surveys (2). There are situations whereby single-auxiliary estimators of
finite population characteristics, may not be efficient (3). In such situations there may be need to utilize multi-
auxiliary variables that are correlated with the study variable in order to improve the sampling design and
estimation. It may also be of interest to combine sampling techniques in a single survey in order to obtain the
desired information, (4).

Basically, is known that the use of auxiliary information in survey sampling improves the precision of
estimates of population parameters such as population total, population mean, population proportion, and so on
(5). The usual estimators that use auxiliary information are the traditional ratio, product and regression
estimators respectively as well as their improved or hybrid versions. When there is a positive correlation
between the study variable and the auxiliary variable, the use of the classical ratio estimator is appropriate. On
the other hand, if the correlation is negative, classical product estimator is preferable. Conversely, the
regression estimator is used to estimate the population characteristics of interest when the regression line of the
study variable and the auxiliary variable does not pass through the origin, but makes an intercept along the y-
axis.

According to (6), John Graunt is believed to be the first to use auxiliary information in the 1660s for estimating
the population England. Detailed work on auxiliary information were established in the work by (7), not
forgetting the work on the classical ratio estimator by (8). (9) noted that the estimation of population
parameters with greater precision is a relentless matter in sampling theory and that the precision of estimates
can be improved by increasing the sample size but at the expense of the benefits of sampling hence the use of
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auxiliary information. In many practical situations, the regression line does not pass through the origin. As
such the ratio and product estimators do not perform equally well as compared to the regression estimator. For
this reason, many authors such as (10), (11), (12) among many others have suggested modified ratio estimators
in order to provide better alternatives. Recently, the use of auxiliary variable has enjoyed a boost due to
exponentiation of the auxiliary variable in the work of (13), (14), (15), and so on. (16) introduced
modifications of the exponential ratio estimator by using some transformations of the auxiliary variables.
Exponentiation is widely applicable to ratio, product and regression estimators or a mixture (hybrid) of these,
and appears to improve the precision of parameter estimates even when the relation between the study variable
and the auxiliary variable is weak.

Under many sampling schemes, several exponential estimators, using the population information of the
auxiliary variable, have been developed. However, if the information on the population mean of auxiliary
variable is not readily available, two-phase (double) sampling method is the most appropriate sampling scheme
to be adopted. It is cost effective, and is typically used when it is expensive to collect data on the variable of
interest but relatively cheaper to collect variables that are correlated. If the population mean, X of the auxiliary
variable x is not known prior to the commencement of the survey, then it is appropriate to employ the two-
phase sampling scheme. The following authors have proposed improved versions of the ratio exponential,
regression exponential, or a regression-cum-ratio exponential type estimators using one or more auxiliary
variables under double sampling, and these include the works by (17), (18). Taking a cue from the work of
(19), (20) developed a computational approach to generalized estimator of population mean in double
sampling using correlation coefficient between the study variable and the auxiliary variable. This generalized
ratio estimator is a product of the mean of the study variable, the ratio estimator and suitable chosen constants
such that their sum equals unity. This generalized estimator performed better than the sample mean, the
classical ratio and the (19) estimators respectively, in terms of minimum mean square error. Another
interesting hybrid estimator of finite population mean under Two-phase sampling is that of (21). This
Regression-cum-ratio estimator takes advantage of the fact that it is easy to construct regression equation of y
against x or y against z and using the known correlation coefficients between the auxiliary variables as
additive factor to the second variable. The study examines the possibilities of different forms of auxiliary
information derived from the remote sensing data in two phase sampling design and suggest an appropriate
estimator that will be of broad interest and application.

Recently, (15) constructed an estimator of finite population mean in Two-phase sampling for stratification
using the idea of chain-ratio estimators. The new improved estimator performed better than some selected
unbiased standard estimators both in theoretical, natural and simulated populations. Similarly, (22) developed
an efficient exponential chain ratio estimator for estimating finite population mean of the study
character using imputation of missing data under two-phase sampling. While (23) proposed mixed
estimators of finite population mean in Two-phase sampling using two auxiliary variables, they cautioned that
purpose of mixture and conditions for which the individual estimators are developed must be stated and
efficiency must be the target. (24) in their study proposed ratio-in-regression estimator of the mean using mean
of the study and the auxiliary variables together with the rank of the auxiliary variable. In Two-phase
sampling.

Apart from using the usual MSE of an estimator, which is the sum of the variance and the square of the bias
(measures both accuracy and precision), the study deploy the ratio of bias to standard error (RBSE) to ensure
that the best estimators are not only those whose estimates minimum MSEs or CVs but also are within
confidence limits. The study also investigated asymptotic properties of the proposed estimators.

MATERIALS AND METHODS
Description of two-phase sampling design

Consider a finite population of N units, y;, x; and z; (i = 1,2, ...,n), denote the values of the i®*unit of the
characters Y, X and Z respectively. Here, y is our variable of interest (study variable), x and z are the auxiliary
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variables that can be correlated with our variable of interest. Let S’ be the first phase sample of size n" from
the population of size N according to a simple random sampling without replacement (srswor) scheme, and
x', Z' the sample means of the two auxiliary variables are observed. Let S be the second phase sample of size n
from the first phase sample (n <n'), and y, X, and z are observed. We also define: pyyy: The parameter
subspace, (0.7 < pq,p2,p3 <1) and pyp : the parameter subspace, (0 < p;,p3 <0.5U0.7 < p; < 1),
where, py: Correlation coefficient between Y and Z, p,: Correlation coefficient between X and Z, ps:
Correlation coefficient between Y and X.

Expectation under Two-Phase Sampling

We define the relative error in the first phase as follows:

ey =—— and e, = ——— (1)
Thus,
¥ =1+ey)Xandz' = (1+e,)Z (2)

E(ey) = E(ey) = E(e,) = E(e,) = E(e,) = 0; E(e2) = 0,C% E(eZ) = 6,C2; E(e2) = 0,C2; E(e2)
= 0,C%; E(e2) = 0,C%; E(eyey) = 019, C:Cy; E(eyey) = 0,p,CCy; E(eye,r)
= 010y,CyCy; E(eyez) = 02py,CyC;; E(ecey) = 6:Cs; E(eye,) = 01px;CcCy; E(eyre,)
= 010x,CxCy; E(exe;) = 0,x,CcCy; E(exe,r) = 01px,C,Cp5and E(e,re;)
=0,C2 3)

where,

0, = d g, = 1 1
_ _ "n N and non _
are the sampling fractions for the first and second sampling fractions respectively, (20).

EXISTING ESTIMATORS IN LITERATURE
(i) Classical regression estimator in two-phase sampling (8)
Viras =¥ + by (X' — %) (4)
MSE (Viras) = Y?C5(62 — 61p5x) (5)
(i) Regression type estimator in two-phase sampling

The (25) regression type estimator for two-phase sampling is an extension of (26) estimator in survey
sampling. It is given as:

ey

7 7
Tnras = 0+ ke (@ = D) Pl =+ (1 = k) = ©)
—w <k <o 0<k, <1

Bias(Vucay.as) = (02 — 0)C,{k,YC, + (YCypy, — ki XCrpyr) Y1 — 2k3)  (7)
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MSE (Yuzyas) = Y2CHO, — (62 — 0)[1 — (1 — pZ,) (1 — p2c2)]} (8)

where:

ch (pyx - pxzpyz)
kl = = 2 H kZ =
XCx(l - pxz)

(ili)  Ratio-chain type exponential estimator

1{1 + & Pyz — PyxPxz }
2 Cz (1 - pa%z)

Motivated by (27), (28) suggested the modified exponential ratio estimator to estimate finite population mean
of study variable y in presence of two auxiliary variables, x and z. This estimator is given by

_,(aZ—-b) _
X —<— X
= _ (az — b)
Yyus.ds = YeXPp = (9)
7 (aZ —b) 47
(az — b)
. _ _11/1-— f 3 1/1— f/
Bias(Yyysas) =Y li (T) C? (Z - ny> - E( = >
3 5
* (Z CJ? - Z@gCZZ - pynyCx
+60pyszCZ - goprCxCZ)] (10)
— — 1 —f 1/1 —f” 1 _fl
MSE (Jyysas) = Y? [(—) C:+ —< ) C2(1—4Ky,)— <—, )Pﬁchl (11)
n 4 n n
where:
2PyxCyCs Y ' iz
By = =25 = 2Ky, f=5i f = and f" = 5.

(iv)  Exponential Chain ratio-type estimator in double sampling

(29) proposed a class of improved exponential chain ratio and product-type estimators of finite population
mean Y under Double (Two-phase) sampling scheme. The exponential chain ratio type estimator is given by:

e
X az' +b

A4 — (12)
) syt

Yksc.ds = Yexp

where, a and b are suitably chosen constants. The bias of the exponential chain ratio estimator is given as:
2

_| [/« a 3
Bias(Ykscas) =Y I(E + Z) A3C% + 3 082, C2

a 6o
- E/l?ﬂyxcycx - lepyzcycz (13)
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_ - ,  a’Cy 021,C2
MSE(yKSC) =Y Alcy + 4 Az + 4 - ABPynyCx - HolzpyszCz (14)
where,
Cy Cy
a=2K,, = ZpyxC—; 0o = 2K, , = ZpyZC—
X Z
4. Proposed Estimator under Two-phase Sampling Scheme

By extending the [29] estimator of finite population mean in SRS, we propose the following hybrid
exponential type regression-cum-ratio estimators of finite population mean in Two-phase random sampling
under two conditions.

Case I: Proposed estimator under Two-phase sampling when auxiliary variables are not transformed

When the auxiliary variables are not transformed, our proposed alternative hybrid regression-cum-ratio
exponential type estimator under of population mean under Two-phase sampling without replacement is given

by:
x' - 1
a; <}—.I | ]—:>l ( 5)

where, 5, and a, are suitably constants which minimize the MSE of y,,;, 4-

=i

Yuvas = [V + B2(Z' — Z)] exp

We define:

We define the relative error in the first phase as follows:

ey = f;? and e, = Z_sz X'=0+es)Xandz' = (1 +e,); (16)
Theorem 1:

The bias of the proposed alternative hybrid regression-cum-ratio exponential type estimator under Two-phase
sampling without replacement when the variables are not transformed is given by:

_r1 1
Bias(yuv.ds) =Y ga% (6, — 91)69? - Eaz (6, — el)pyxCny]

+ %azﬁzz[(ez - gl)pszsz] (17)

Proof of Theorem 1:

Consider the expression in equation (15) above. Inserting the appropriate definitions of section 2 into the
following expression, we have:

1+e)X—(1+ ex))?l}

Vuvas = {(1+ )Y +Bo[(1 +e,0Z = (Z+ Ze)]fexp {az I+ ex)X + (1 +e)X

(1+e,—1- ex))?l}

={(1+e,)Y +B[(Z+Ze,) — (Z+Ze,)]} xexp {az Qtes T1+e)x
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_ o _ 1 ey + e\t
={(Y+Yey)+,82[Z+Zezr—Z—Zez]}*exp Eaz(exr—ex)(1+ > )

_ _ 1
= [(Y +Ye)) + B.Z(e, —e,)] exp [E ay(e, — ex)] (17a)

Expanding the exponential part of (17a) gives:

_ _ _ 1 11
= [(Y +Ye)) + BrZ(e, — ez)] [1 + Eaz(exr —e,)+ E.Zag(exr —e )%+ ]

_ > _ o[l 1,2 2 1
Vuvas —Y =Y [E ay(e, —ey) + 3% (e —2epe, +e2) + e, + 5% (eyre, — exey)]

_ 1
+ B.Z {ez' —e,+ Eaz (ex’ez' - exez’)

1

- Eaz (e e, — exez)} (17b)

Taking expectation on both sides of (17b) and applying the definitions in (3) gives
Bias(Yyy.as) = E(ytpu - 7)

_I1 1 1
=Y [E ayE(e, —ey) + gd%E(e;, —2epe,+e2)+E(e,)+ EazE(exrey - exey)]
_ 1
6,2 |Een) = Be)) + 5 B ey, — exe)

1
- E aZE(ex’ez - exez)]

_ 1 1 M
=Y I:g 05%(92 - el)ng - Eaz(ez - 91),0yxCny] + ﬁzZ I:E a2(62 — el)pXZCsz

_T1 1
Bias(yuv.ds) =Y [§ a% (6, — 91)69? - Eaz (6, — Hl)pyxcxcy]

1
+ E azﬁzz[(ez - 91),0szsz]

Theorem 2:

The Mean Square Error (MSE) of the alternative hybrid regression-ratio exponential type estimator finite
population mean under Two-phase sampling without replacement is given by:

MSE (Fupas) = Y2C2(pZ, — D) (p2c + p2, — 2p2p2,p2,) (02 — 0)+(pZ, — 10,1 py
Pxz Pyz* £1 (18)

Proof of Theorem 2:

To find the MSE we square both sides of (17a) and take expectations.
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_ _r1 1 1
Fuv.as — Y)? = {Y [E az(e, —ex) + ga%(ei’ — 2eyex + 39%) +e,+ EaZ(ex’ey - exey)]

_ 1 1 2
+ .BZZ [ez’ —e,+ Eaz (ex'ez’ - exez’) - Eaz(ex’ez - exez)]}

2

= {17 E az(ey —eyx) + ey] + PoZle, — 82]}

__ 11 2 __11
=Y? [E ay(e, —ey) + ey] +2B,YZ [E ay(e, —ey) + ey] le,r — e,]

+B3Z2%[e, — e,]?
~ B _\2
MSE (Yyp.as) = E(ytpu - Y)

_. 11
=Y? [Z aZE(elr — 2epe, +e2) + asE(e e, —evey) + E(ef)]

__I1
+2B8,YZ [E a,E(epe, —epe, —ee, +ee,) + E(eye, — eyez)]
+ B2Z2E (el — 2e, e, + €2)

_. 11
=Y? Za%CJ?(HZ — 01) — a3pyxCCy (0, — 01) + C;%Gz]

__T1 -
+ 28,77 |5 @0 CuCa0; = 0:) = pysCy €6, — 0| + B3Z2C2(0, - 0)

Therefore,

_. 1
MSE Gunas) = 72 |7 @3C2(0, = 0,) = apynCCy (6, = 0,) + 30,

__J1
+ 28,77 |5 0perCCal0: = 02) = pyrCy C,(6; = 6,)|
+ B3Z%CZ(6, — 61) (19)

Theorem 3

The values of a;, and 3, that minimizes the MSE of the proposed estimator, y,,,, in two-phase sampling when
the supplementary variables are not transformed are given by:

_ Z(Y.Dyxcy __ .BZZ_pszz) and ﬁz _ Y C):(pyxixz - pyz) (20)

YCy ZC(pzz— 1)

2%)

Proof of Theorem 3:

In order to find the optimum values of a, and B, that minimize the MSE, we differentiate Equation (19)
partially with respect to a, and 3, and equate to zero.
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OMSE Gupas) -1 o

T S 72 S0, — 00) = pyeCily (0 = 00| + 28,77 |5 ps (0, = 0] = 0
2

—, 1 ) __I1

72 |5 @2C20; = 02) = pyaCaCy (0 = 00| + 26,77 |5 s, (0, = 00| = 0

_.I1 __I1
Y? [E a,C, — pyny] +2B,YZ [przCZ] =0

_ Z(YPyny - .BZZ_pszz)
YC,

(21)

24)

OMSE ()_’uv.ds)
0P

ZBZZ_CZ = _Y(szpxzcx - Zpyzcy)

__I1 _
= 207 |5 0G0 = 02) = pyaCyCol0; — 01)| + 28,72C (0, = 0,) = 0

_ 1 Y(aZPXZCx - zpyzcy)

= 22
B2 ) Zc, (22a)
,3 _ Ypyxpxzcy - Ypyzcy
? Z_pJ%ZCZ - Z_Cz
Therefore,
Yc -
. y (PyxPxz = Pyz) (22b)

Z_Cz(pa%z - 1)

Putting (21) and (22b) into (19), and simplifying using maple, we have
_.I1

MSEGuvas) = T2 |5 a3C20; = 0,) = tapyaCCy (8, = 0,) + €30,

__I1 -
+ Z.BZYZ [E aszszCz(gz - 91) - PyszCz(92 - 91)] + .BZZZZCZ2 (92 - 91)

72?2
= 22— 1 (7255 (82 = 01) + (82 = 61) + 7 (6, — 61) + (i, — 1)6]
XZ

Therefore,
MSE(yuv.ds) = YZC)% (pgz - 1)_1[(.032/95 + p32/Z - ijzlxp;gzpjzzz)(ez - 91) +(p£z - 1)92];pxz' Pyz: Pyx * 11
Recall again from (17) that:

_T1 1
Bias(:)_’uv.ds) =Y ga% (6, — 91)69% - Eaz (6, — el)pyxcxcy]

1
+ Eazﬁzz[(ez - 91),0szsz]
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Therefore, inserting the values of (21) and (22b) into the above and simplifying using maple gives us:

3 _ 1 YCZ(HZ - 91) 2
BlaS()’uv.ds) = _E (;2 — 1)z (pxzpyz - pyx) s Pxz 1 (23)
Xz

Case I1: Proposed estimator in Two-Phase random sampling when auxiliary variables are transformed.

The proposed estimator when the variables are transformed is given as:

Fevas = [7 + Bs(Z" — 2)] exp [as (u)] (24)

X'+ x*
where, a; and B are determined such that the MSE of y,,,, is minimized.
Theorem 4

The bias of the hybrid regression-cum-ratio exponential type estimator using SRSWOR, under two-phase
sampling when the auxiliary variables are transformed is given by:

_r1 1 _11
Bias(ytv.ds) =Y —a%Cf(D - §a3pyxCnylp] + ,B3Z [E a3pszszcD] (25)

8

Proof of Theorem 4:

Consider the expression in (24)

X'+ x*

)_’tv.ds = [3_/ + .BB(Z_* - Z_I)] exp [aS <u>

And inserting the definitions of (16) and (24) into the above expression, we have:

(1-ge)X—(1+ ex'))?l}

Vewas = (1 + )7 + B3[(1 — ge)Z — (1 + e,)Z1} * exp {“3 1+ ex)X + (1— genX

_ - 1 1
= (7 + Tey) = BsZew + ge} x exp =5 as ex + g |1 45 (e — geu)}

_ _ 1 1, 1 -
={(Y +Ye,) — BsZ(e, + ge,)} x exp {—§a3 [exr + > (e2 — gexexr)] + [gex + > (geyex—g ex)]}
By first order approximation we have:
_ _ 1
= [(Y + Yey) — B3Z(e, + gez)] exp I:_Eag(ex’ + gex)] (26)
Which on expansion gives:
o _ 1 11
= [(Y + Yey) — B3Z(e, + gez)] * {1 - [E as(e, + gex)] + CTRrR a_%(exr + ge,)? + }

Considering terms up to the power of two only we get:
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5 5 1 L o2 2,2
=[(Y +Ye,) — BsZ(e, + ge,)] * [1 - §a3(exr + ge,) +3%3 (e +2geye +g ex)]

- > _ o1 1 o2 2, 0w 1
Vipe =Y =Y [—§a3(exr + ge,) +3% (€2 +2geye +g ex)] +Y [ey — Ea3(exrey + gexey)]
_ 1
- BsZ {[ez’ - §a3(ex’ez’ + gexez’)]

1
+ geé; — §a3(gex’ez + gzexez)]} (27)

Taking expectation on both sides of (27)) we have:
Bias(ytv.ds) = E(ytpt - Y)
_ 1 1 2 2 2,2 1
=Y [—Ea3E(ex, + gey) +§a3E(ex, +2ge,e, + giel) + E(e,) — §a3E(ex’ey + gexey)]

_ 1 1
+ ﬁ3Z {[E(ez’) - EQBE(ex’ez’ + gexez’)] + [gE(ez) - EQBE(gex’ez + gzexez)]}

Inserting the definitions of (3) in the above expression, we have:

V4 1 1 2 2 2 2 2 1
=Y [—Ea3(0 +0) +§a3 (6,C% + 2g6,C% + g?6,C2) + 0) — Eozg(alpyxcxc‘y + g@zpyxCny)]

_ 1 1
- BBZ {[0 - §a3 (elpszsz + 991pszsz)] + [O - §a3 (gelpszsz + gzgszszCz)]}

1 1 a1
=Y [5 @501+ 2901 + 9°62) = 5 3Py CeCy (6, + 9‘92)] + B3z [5 3Pz CxC, (01 + 2967 + 9292)]

Therefore,

_I 1
Bias(Viyas) =Y [5 a3CZ(01 + 296, + g%6,) — §“3PyxCny(91 + 992)]

_11
+ B7 |5 03P CeC,(01 + 290, + 976,)|

_r1 1 _1
=Y [§ azCid — EQBPyxCnyl‘U] + BsZ [E a3pszszq)] (28)

Theorem 5

The MSE of the hybrid regression—ratio exponential type estimator in two-phase sampling is given by:

72c2
MSE (Vty.as) = m [(pjzlx + ,03212 - zpyxpxzpyz)lluz +(p9%z —1)®06,]; Pyxr Pxz) Pyzr +1,®
Xz
#=0 (29)
where, Pxzh» Pxzh» Pyzh 1.
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Proof of Theorem 5

In order to obtain the MSE of y.,,, we square both sides of Equation (27) and take expectations.
_ _ = 2
MSE()’tv.ds) = E(ytpt - Y)

B _ 71 1
(ytv.ds - Y)Z = {Y [__a3(ex’ + gex) +_a§(e§’ + zgex’ex +g ea%)] + Y [ey 6{3(6 réy + gexey)]

—ﬁgf{[ 1a3(€ e, + geye ,)] [gez —az(geye, +g exez)]}}

2

{ [——a3(€ '+ gey) +ey] + BsZ (e, + gez)}

_. 1
=Y? [ 2(el + 2ge,re, + gel) — as(eye, + gecey) + eﬁ]

+ 2B5ZY [—§a3(exrezr + ge, e, + gege, + gleye,) +eye, + geyez]
+ 272 [e22, + 2ge e, + gzezz]
By taking expectations on both sides of the above and applying the definition of (3), we have

_. 1
MSE (Jeyas) = Y2 [Z a3Cz(6, + 296, + g*0,) — a30yxCxCy (01 + g6,) + 92C§]

7 1
+ 2ﬁ3ZY [_Ea&oxzcxcz(gl + 2961 + 9202) +pyszCz(01 + 992)]
+ B3Z%C2(6, + 296, + g*6,)

Therefore,

_ _r1 1 1
MSE (Jept) = V2 [— aZCEP — azp,, CCpy + ezcyz] + 2B5ZY [— 3 @3PxzCxC7 P +pyzcyczw]

4
+B3Z7CI O (30)
where,
CD = 91 + 2g91 +9262, lp = 91 +g62
Theorem 6

The values of a3 and f; that minimizes the MSE of the proposed estimator, y,,,, in two-phase sampling when
the auxiliary variables are transformed are given by:

2(.83przc o+ Ypyx yd)) and ﬁ . chl/)(pxzpyx - pyz)
3 = —

vC, o ZC,d(p2, — 1)

(3D

Proof of Theorem 6:

To obtain the optimal values of a; and S5, we differentiate (30) partially with respect to a5 and S5, and
equating to zero:
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OMSE (Yev.as) _ 5, (1 A%
a—a;vs Y? (E azCi® — PyxCnylp) — B3ZY Py CxC, @ = 0 (32)

__/1 _
T =2YZ (E (3057 C C, P — pyZCyCZI/)) —2B3Z%C2D =0

From Equation (31) ,

o = 2(ﬁ3szzczq) + Ypyxcylp)
3T YC,
_ _ly(as'pxzczq) + ZpyZCylp)
=3 7C,d

(33)

(34a)

Putting (33) into (34a)

_ .83Z_p£zczcb + przpyxcylp - Ypyzcyl/)
3 ZC,d

B3 (Z_Czcb - Z_pJ%ZCZCD) = przpyxcyl/) - Ypyzcylp

— _ chw(pxzpyx - pyz)
’ Z_Czq)(pa%z - 1)

(34b)

Again, Putting (33) and (34b) into (30), we obtain the MSE (y.,.45) have on simplification using maple

MSE(J_’tv.ds)
_. 1 __ 1
=Y? [Z a3CEP — azpy CCypp + 92C§] + 2B5ZY [—EagprCxCZCD +pyZCyCzl,b]
+ P32 CED

_ 7263% [(pjzzx + p32/z - zpyxpxzpyz)lpz + (pJ%Z - 1)(1)92 ]
(py%z - 1)(1)

72c2
MSEGwas) = Gz Do (25 + P = 20yxrai) ¥+, ~ D90
XZ

where, Pyxr Pxzr Pyz *+ 1.

From (28), we know that:

_I1 1 _r1
Bias(ytv.ds) =Y [g a%C,?d) - §a3pyxcxcylp] + BsZ [E a3pszsz(D]

Therefore, putting (33) and (34b) into the above expression gives on simplification

1 7ey?

Bias()_/tpt) = E([)ZT)(D (pxzpyz - pyx)(4p£2pyx - 3pxzpyz - pyx) (35)
Xz

where, p,, #1,® #0
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EFFICIENCY CRITERIA

For two unbiased estimators T and T* of 6, we compare the variances of the estimators to determine their
relative efficiency, i.e. Relative Efficiency of T and T™ is:

Var(T*)

RE(T, T*; 9) = W

(36)

We extend this to large sample variances of asymptotically unbiased estimators.

Let {T;},i=1,2 and {T;},j =1,2,3 be asymptotically unbiased for z(6), then it is said that T; is
Asymptotically Efficient Relative to {T;} if:

. _ Var(Ty) . .
ARE(T,-,Ti;e):ggOWsL 0€0,i=12j=1234 (37)

where {T;'},i = 1, 2 are the proposed and {T]} j =1,2,3 and existing and competing estimators (8), (21), (28),
and (29) under consideration in this study.

Asymptotic unbiasedness

Consider estimators based on n-sample, T,, = T,,(Xy, X5, ..., X;,), where X, X,, ..., X,
are identical and independently distributed. Even estimators that are biased, may be close to unbiased for large
n. An estimator T,, is an asymptotically unbiased estimator of deterministic 8 if:

Bias(T,) = E(T,) —6 > 0asn - o (38)
Theorem 7

Let T,, denote an estimator of 6. If Biasg(T,,) ) and Vary(T,,) ) both approach zero as n — oo, then the mean
squared error between T,, and 8 approaches zero and hence T,, is a consistent estimator of 6.

Proof:
E[(T, — 6)*] = Bias{, (6) + Varr, ()
So, if:

Bias? (6) = 0
and

Varr, (6) - 0
as n — oo, then,

lim E[(T, — 6)*] =0

n—oo
which means convergence in mean square and hence T,, also converges to 8 in probability.
We now show that y,,,, is asymptotically consistent.
Ratio of bias to standard error (RBSE)

(30) stated a mathematical expression to measure the effect of bias on the accuracy of an estimate as:

|B]
RBSE = ——— (39q)

JVar(Ty,)
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where B is the bias of T,, (and T;, is unbiased).

as a working rule, if

B
RBSE = —12__ <01 (39b)

JMSE(T,)

Then, effect of bias on the accuracy of an estimate is negligible otherwise, there might exist the problem of
over-/under-estimation of the parameters in question

RESULTS

The results of analyses of both the synthetic and real data sets are as presented in Tables 1-6 and Figures 1-4
respectively.

Table 1: Estimates of Mean by Estimators (Populations I-I1)

Population | Population |1
Sample size (n) Sample size (n)
Corr.Coefff.| Estimator 10 25 50 100 10 25 50 100
PHLL Virds 2997.2749 | 2999.8259 | 3004.6568 | 2999.5752 | 117.097 | 131.0738 | 118.5579 | 126.2957

YH(2).ds 3003.8305 | 2999.8169 | 3008.7078 | 3001.5709 | 96.2106 | 179.6571| 111.8701 | 142.1266
Yyus.ds 3001.1202 | 3000.6463 | 3007.5985 | 3000.3857 | 104.2954 | 138.9594 | 109.5112 | 130.6289
Yksc.ds 2996.5725 | 2999.9403 3003.165 | 2998.7430 | 131.3514 | 117.7131 | 123.7745 | 118.8470
Vuv.ds 3004.3829 | 3000.0405 | 3007.3698 | 3000.5766 | 81.4496 | 166.7773 | 114.2188 | 139.8101
Vevds 2995.9190 | 2998.8601 | 2998.9709 | 2998.6614 | 109.9004 | 138.1936 | 128.3924 | 115.6996

Dt Virds 3001.5258 | 3003.1186 | 2999.5476 | 2999.3916 | 116.6134 | 129.2331 | 104.0943 | 121.2374

Yksc.ds 3007.8232 | 3004.1914 | 3000.6680 | 2999.1729 | 130.6697 | 107.9089 | 111.5728 | 110.6655

Viv.ds 2996.2477 | 3002.6030 | 2995.2379 | 2999.8598 | 108.5568 | 137.6100 | 116.7191 | 120.2998
[IR]} T T T T T T T T C'1E'| T T T T T T T T
—lrds —irds
11l —yHiZds 04} —yH2.ds ]
! —yYUS s —y¥l5.ds
{KSCds . yw3Cds
=01} § —jwds ;'“2 —yuuds ||
= jivds = yhids
= = 01 A
peilid =
= Zomt _
-;l]l]'::- _'2
g S00r I
o WP E
= oMt g

=

i I 1 1 I I 1 1 I fi]

1
nm 20 ® 0 0 & W N N W MW N N £ N W W OH BN D

Sampk Se {n) Sample Size {n}
(a) (b)
Figure 1:  Plot of Coefficient of Variation of Estimators for Population I
(a) PuLL (b) PunH
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Vraas | 29952180 | 3001.5362 | 2998.8251 | 2999.0559 | 105.9444 | 163.3707 | 105.6481 | 129.1032
Vyusas | 29983634 | 3002.8839 | 3000.2471 | 2999.0451 | 104.2954 | 138.9594 | 109.5112 | 130.6289
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Figure 2: Plot of Coefficient of Variation of Estimators for Population Il
(@) purr (b) PuHH

Table 3: Bias of Estimators under Two-Phase Sampling (Populations I-11)

Population | Population 11
Sample size (n) Sample size (n)
Corr.Coefff. | Estimator 10 25 50 100 10 25 50 100
ylr.ds
DHLL 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000
}_’H(z).ds
—0.0173 | —0.005 —0.003 —0.003 | —5.2033| —12.405| —1.6331 —0.6187
}_/YUS.dS
3E—-05| 1E—-05 | 2E—05 | 1E — 05 | —0.8852| —1.4866| —0.1517 | —0.0660
}_}KSC.dS
—0.0433| —0.02 —0.042 —0.027 | —33.174| —177.03| —38.2519| —38.2101
Yuv.ds —5E —9E —2E —1E —6.6E -1.7E
— 05 — 06 —08 — 07 —0.0015 — 06 —0.0008 — 05
Vtvas 7.12E 1.43E 2.01F 5.78E
2E—12 | 6E—13 | 2E—14 | BE—15 | —10 - 09 — 10 - 11
}_’lr.ds
PHHH 0.0000 0.0000 0.0000 0.0000 | 0.0000 | 0.0000 0.0000 0.0000
Vh(2).ds
—0.0226 | —0.007 | —0.002 | —0.002 | —3.4226| —9.9529| 0.47814 | —0.3437
yYUS.ds
4FE —05 | 4E—05 | 3E—05 | 3E —05 | 0.35795| 6.5534 | 0.20616 0.11121
}_}KSC.dS
—0.0469 | —0.038 | —0.035 | —0.033 | —33.345| —178.71] —38.195 | —38.196
Yuv.as —4F —6F —1E —7E
— 05 — 05 — 05 — 05 —0.2892| —0.2259| —0.5567 —0.0441
Vev.ds 2996.247| 3002.603( 2995.237{ 2999.859]
108.556¢ 137.610( 116.7191| 120.2998
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Table 4: Ratio of Bias to Standard Errors of Estimators (Populations I-11)

Population |

Population 11

Sample size (n)

Sample size

n)

Corr.Coefff.

Estimator 10 25

50

100

10

25

50

100

PHLL

Vir.ds 0.0000 | 0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

YH(2).ds 0.0128 0.0067

0.0093

0.0093

1.1133

2.492

0.5514

0.3675

Vyusas | 8E — 06| 7E — 06

1E — 05

1E — 05

0.0436

0.0506

0.0134

0.0093

Yksc.ds 0.0119 | 0.0132

0.0275

0.0218

1.8562

6.1408

3.6763

6.0178

Vuvas | 4E — 05| 1E — 05

6E — 08

5E — 07

0.0003

1.31E — 06

0.0003

1.04E — 05

6E —13 | 3E — 13

Yiv.ds

1E — 14

2E — 15

3.45E - 11

5.06E — 11

2.25E - 11

1.08E — 11

PHHH

0.0000 | 0.0000

yl‘r.ds

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0255 | 0.0115

3_’H(2).ds

0.0065

0.0087

1.9216

3.0359

0.3096

0.2358

yYUS.dS 1E - 05 ZE - 05

3E-05

4E — 05

0.0369

0.2925

0.0386

0.0332

0.0103 | 0.0146

Yksc.ds

0.0219

0.0215

1.7432

4.9854

3.7871

5.8555

4E — 05| 7E - 05

3E-05

0.0002

0.0605

0.0485

0.2667

}_’uv.ds

0.0279

Ytv.ds

2E —13

7E — 14

5E — 13

2E —13

5E —13

6E —11

1E - 11

8E —11

Table 5: Asymptotic Relative Efficiency (ARE) of Estimators (Populations I-11)

Population |

Population 11

Sample size (n)

Sample size (n)

Corr.Coefff.

Estimator

10

25 50

100

10 25

50

100

PHLL

Yir.ds

0.1118

0.1734

0.0369

0.0556

0.0546 |0.0283

0.0877

0.0638

3_’H(2).ds

0.9048

0.9431

0.9989

0.9922

1.1109 |1.0189

0.9873

0.999

yYUS.dS

0.1277

0.1730

0.0337

0.0492

0.0588 |0.0293

0.0676

0.0561

YKsc.ds

0.1251

0.2106

0.0385

0.0575

0.0760 |0.0304

0.0800

0.0702

yuv.ds

1.0000

1.0000

1.0000

1.0000

1.0000 |1.0000

1.0000

1.0000

3_1 tv.ds

0.1166

0.1908

0.0462

0.0692

0.0570 |0.0317

0.1083

0.0984

PHHH

Yir.ds

0.0549

0.1419

0.0521

0.0553

0.0515 |0.0246

0.0451

0.0591

YH(2).ds

1.0024

1.9008

1.0364

2.0676

7.1978 |2.0216

1.8277

1.1760

Yyus.ds

0.0851

0.2433

0.1072

0.1327

0.2427 10.0433

0.1525

0.2220

yKSC.dS

0.0382

0.1050

0.0410

0.0448

0.0624 |0.0169

0.0428

0.0587

yuv.ds

1.0000

1.0000

1.0000

1.0000

1.0000 [1.0000

1.0000

1.0000

3_/ tv.ds

0.0572

0.1554

0.0637

0.0674

0.0537 |0.0273

0.0551

0.0872

Table 6: Parameter Estimates for Estimators using Real data (Population I11) for Small Sample (n = 10)

Corr.Coeff. | Estimator | Mean MSE cv Bias RBSE
PHLL Vir.ds 5.8838 0.0065 1.3757 0.0000 0.0000
VH(2).ds 5.9275 0.0206 2.4265 -0.000647 0.0045
Vyus.ds 6.0066 0.0074 1.4401 0.000516 0.0059
Vsc.ds 6.0138 0.0124 1.8528 0.000335 0.0030
Vuv.ds 5.8819 | 0.0086 1.5732 0.001169 0.0126
Vivds 6.0179 | 0.000046 0.1127 1.11195E-06 | 0.0002
PHHH Vir.ds 6.1602 0.0108 1.6886 0.000 0.000
VH(2).ds 6.6658 0.0342 2.7730 0.00031 0.0017
Vyus.ds 6.6658 0.0212 1.9973 -0.00046 0.0032
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Vrscas | 7.2845 | 0.0124 15286 | 0.00034 0.0031
Vuods | 6.1588 | 0.0155 2.0221 | 0.00212 0.0170
Viods | 6.3013 | 8.3293E-05 |0.1448 | 1.92319E-06 | 0.00021

DISCUSSION OF RESULTS
Population | (Simulated data)

Considering the first parameter subspace labeled py; ., one of the proposed estimators, ¥, 45 IS perceived to
be more efficient than other estimators throughout the parameter subspace while its variant, y,,, 4 is third best
among the other competing estimators as n — oo (Table 2 and Figure 1a). The proposed estimators are,
asymptotically unbiased (Table 3 and Figure 3a), and consistent (Table 2 and Figure 1a). However, only
estimator Yy, 45 IS asymptotically efficient (Table 5).

In the second parameter space, pyyy, The estimator, yy (2 qs dominated the proposed and other estimators in
the entire space (Table 2 and Figure 1b). Considering asymptotic properties, the proposed estimators are both
asymptotically unbiased (Table 3 and Figure 1b), and consistent (Table 2 and Figure 2b), but again, only ¥,,,, 45
is asymptotically efficient (Table 5). The ratio of bias to SE of all the competing estimators falls under the
acceptable threshold (RBSE < 0.1).

Population Il (Simulated data)

In the first parameter subspace, pyr., Vu(2).as Was apparently more efficient than the proposed and other

estimators for small sample sizes. However, as n — oo, one of the proposed estimators, y,,, ;s dominated
Vh(2).as and the others throughout the subinterval (Table 2 and Figure 2a). It was however detected that ratio of

bias to standard error of yy,) 45 estimator is greater than the threshold of 0.1 (Table 4). This implies, estimated
parameters by ¥y 2).qs are likely to fall outside the 95% confidence intervals. Thus, the proposed estimators are
preferable. The proposed estimators are again, asymptotically unbiased (Table 3 and Figure 3), and consistent
(Table 2 and Figure 3a), once again, only y,,,, 45 is asymptotically efficient (Table 5).

The most efficient estimator in the second subspace, pyyy, is apparently, ¥y)qs While one of the proposed
estimators, ¥y, 45 1S the second most efficient (Table 1 and Figure 2b). However, RBSE of the estimator,
Vu(2).as €xceeds 0.1 in the entire partition (Table 4). The implication is that, yp)qs mMight have either
underestimated or overestimated parameters in this interval (Sarmah et al., 2013). Again the proposed
estimators are preferable under this condition. Thus, the proposed estimators are respectively, asymptotically
unbiased (Table 3 and Figure 4b), and consistent (Table and Figure 17b), but, only ¥, 45 iS asymptotically
efficient (Table 5).

Population 111 (Real data)

For Population IIl, only a sample size of n = 10 is considered. Here, one of the proposed estimators
Vev.as outperformed all the other competing estimators under study in both the py;; and pyyy parameter
subspaces in terms of CV (Table 6). Its variant, y,,, 4s appears second in py;; subspace while yygcas IS
second in terms of CV in the pyyy subspace. Thus the proposed estimators are preferable.

In view of the performance of the proposed and other competing estimators in Two-phase sampling, it is
evident that the proposed estimators are more efficient than most of the existing estimators considered in this
study namely, the classical regression estimator, (25) estimator, (31) estimator and (29) estimator.

CONCLUSION

This study proposed two new estimators for estimating the population mean in two-phase sampling. The
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performance of the proposed estimators was evaluated using simulated and real data. The results show that the
proposed estimators, particularly y _(uv.ds), outperform most of the existing estimators considered in this
study, including the classical regression estimator and several other estimators. The proposed estimators are
asymptotically unbiased, consistent, and efficient, with y _(uv.ds) being the most efficient in most cases. The
ratio of bias to standard error of the proposed estimators falls within the acceptable threshold, indicating that
they provide reliable estimates. Overall, the findings of this study suggest that the proposed estimators are
preferable for estimating the population mean in two-phase sampling, particularly when the
sample size is large.
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