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Abstract: Hypercomplex numbers have played a notable and
critical role in the study and exploration of Loop Theory.
Researchers have made numerous studies in this area especially
in the investigation and construction of different loops. This
paper has extended the research to C-loops where we are
investigating the formation of C-loops obtained from
hypercomplex numbers of dimension 2" ; 1 > n < 4. We are
specifically working with the 2*- dimensional algebra, called the
sedenions. In constructing the C-loops, we have used the frame
multiplication of hypercomplex numbers using the Cayley-
Dickson construction. We have tested the satisfaction of the left,
xx) (yz) = (x (xy)) zand right, x ((y 2) 2) = (x y) (z z) C-loop
identities by the sedenions. We have also formed split extension
of sedenions and equally tested the satisfaction of the C-loop
identities on them. We have found that the sedenions satisfy the
C-loop identities hence forming C-loops. However, the split
extension of sedenions satisfies the right C-loop identity only.
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I. INTRODUCTION

-loops refer to one of the special algebraic structures in

Loop Theory. They were introduced by Fenyves Ferenc
in 1968. C-loops are loops satisfying (X X) (y z) = (x (X y)) z
and x ((y 2) z) = (xy) (z 2), the left and right C-loop identities
respectively. They behave analogously to Moufang loops and
are closely related to the Steiner triple system.

We have used the Cayley-Dickson doubling process in this
paper. It is a construction formula which when applied to an
algebraic structure; it doubles the dimension of its
predecessor. To begin with, Complex numbers is a 2-
dimensional number system. They can be written as ordered
pairs (a, b) where a, b € R. When this construction is applied
to complex number system, a new algebraic structure called

the quaternions is formed. It is of dimension 2%
Multiplication of quaternions is defined as;
(@, b) (c,d)=(ac - db;da+bc) 1)

A continuous application of this formula leads to the
formation of octonions, sedenions and the general 2"-ons.

Over the years, Mathematicians have progressively researched
and given much useful results in Loop Theory. The formation
of hypercomplex is highly credited to Rowan Hamilton who
formed the quaternions in 1843. His discovery was such
critical for it paved way for the formation of further related
number systems including octonions and sedenions as formed
by Arther Cayley in 1846. Njuguna (2012) investigated the
properties of the split extension of sedenions with the loop

being non-abelian. She found that for a non-abelian loop L,
the split extension of sedenions does not form a group but
satisfies other loop properties like the Jordan and flexible
properties.

Some notable study on C-loops was made by Phillips and
Vojtechovsky (2007) where they proved that:

i A Steiner loop is a C-loop,
ii. C-loops module their nucleus are diassociative,
iii. The nucleus of a C-loop form a normal subgroup,
iv. C-loops are alternative, IP loops with squares in the
nucleus,
V. C-loops are not diassociative. They are however
power alternative and also power associative.

Il. PRELIMINARIES
Definition 1. Quasigroup

A quasigroup is a groupoid G in which any two elements in
the equation x - y = z defines the third one uniquely.
Equivalently, a quasigroup (Q, -) is a groupoid G such that v
a, b € G, there exist unique x and y such thata - x=band y -
a = b with solutions x = a \b and y = b/a respectively. The
operation \ is called the left division while / is the right
division.

Definition 2. Loop

A loop L is quasigroup Q with a two sided identity e
satisfying the equatione - X =x - e V X € Q. A left loop has
the left identity satisfying x \x = x\ (x - €) = e, V X € Q while
a right loop has the right identity satisfying x/x = (e - X) / x =
e, VxeQ.

Definition 3. Inverse properties
A loop L is said to have;

i. Left inverse property if V x € L, there exist x' € L
such that x' (x- y) =y, V y €L.
ii. Right inverse property if v x € L, there exist X' € L
suchthat(y - x) xX'=y,Vy € L.
iii. Inverse property (1.P) if it has both the left and right
inverse propertiesand x - X' = x' - x = e. V x €L

Definition 4. Subloop

A subloop M is a hon-empty subset of a loop L which is itself
a loop.

Definition 5. Division algebra

This is an algebra in which given b and a # 0; then;
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i. There exist z such thata - z=b.
ii. There exist g such thatq - a=b.

Definition 6. C-loop
A loop L is called a C-loop if the identities,

L (xx)(y2) =(x(xy))z
i x((y2)9)=(xy)(z2)

are satisfied V x, y, z € L. The above equations are referred
to as the left C-loop and the right C-loop identities
respectively. Therefore, a C-loop should be both a left C-loop
and right C-loop. Alternatively, the C-loop can also be defined
as a loop L which satisfies the identity x (y (y2)) = ((XVy) y) z
VXV, z€L.

Definition 7. Moufang loop

This is a loop L in which the following identities hold, V X, v,
ZEL,

i Xy -zx=(X -yz)X
ii. Xy -X2)=(Xy-Xx)z
iii. X(y-zy)=(xXy-2)y.
Definition 8. Bol-Moufang loops
These are the types of loops defined by a single identity that,

i. Involve three distinct variables on both sides,
ii. Contain variables in same order on both sides,
iii. Exactly one of the variables appears twice on both
sides.

Multiplicative structures that arise from Cayley-Dickson
formula

Jenya (2012), Define the Cayley-Dickson loop (L., -) over the
R field as;

Lo =41, -1}, L,={(x, 0), (x, 1) such that x € L, 1}.

Its split extension is the set L, x S°
defined as;

(%, 0)(y,0)=(xy,0)
x 0 (. D)=(yx1)
1y, 0)=(xy* 1)

with multiplication

Dy, 1) = (-y* %, 0) (@)
while conjugation is described as;
(x, 0)* = (x*, 0)
x *=(x1) ®)

I1l. RESULTS AND DISCUSSION
Frame multiplication of sedenions

In this section we are going to construct the multiplication
tables of the sedenions and determine whether the sedenions
satisfy the C-loop identities. This will be achieved using
equations 2 and 3.

Sedenions refer to a 16-dimensional number system with basis
1, e, €1, € ..., els. Letbg = (eo, 0), b, :(el, 0), b, = (ez, 0), b3
= (63, 0)1 b4 = (e4, 0)1 b5 = (e57 O), bG = (eﬁv O), b7 = (E7, O)v b8
:(eOI l)v b9 = (ell 1)! blO = (e2! 1)! bll = (63, 1)7 b12 = (64, 1)7 b13
= (es, 1), by =(es, 1), bis =(e7, 1) be the elements of a
sedenion, (Njuguna, 2012). Then the loop S = Ls=% { by = (&,
0), by = (4, 0), by = (&2, 0), bz = (3, 0), b4 = (4, 0), bs =(es, 0),
bG = (eﬁ! 0)1 b7 = (e7! 0)! b8 = (EOI 1)! b9 = (e]_, 1)1 blO = (e2! 1)1
bll :(e3! 1)! blZ = (e4l 1)! b13 = (65! 1)! b14 = (eﬁl 1)1 b15 = (e7, 1)
} is referred to as the standard sedenion loop. The
multiplication table of the elements of the sedenions is as
shown below.

Table 1: Multiplication of sedenions

€o €1 €, €3 €4 €5 €6 €7
=) € €1 € €3 €4 €5 €6 €7
€1 € -€o €3 -€2 €5 -4 -€7 €
€2 € -€3 -€o e [ €7 -e4 -6
€3 €3 (573 -e1 -€o e -6 €5 -€4
€4 €4 -5 -5 -e7 -€o €1 € €3
€5 es €y -€7 €6 -€1 -€o -€3 €2
€6 €5 €7 €4 -5 -€2 €3 -€o -€1
er er -6 €5 €4 -€3 -€; € -€o
eg €g -€9 -€10 -€11 -€12 -€13 -€14 -€15
€y €9 €g -e11 €10 -€13 €12 €15 -€14
€10 €10 €11 € -€9 €14 €15 €12 €13
€n €11 -€10 €9 €g €15 €14 -€13 €12
€12 €10 €13 €14 €15 €g €9 -€10 -€11
€13 €13 -€12 €15 -€14 €9 € €1 -€10
€14 €14 -€15 -€12 €13 €10 €n €g €y
€15 €15 €14 -€13 -€12 €11 €10 -€9 €s
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€g €y €10 en S €13 €14 €15
€o €g €9 €10 €11 €12 €13 €14 €15
€1 €9 -€s -€11 €10 -€13 €12 €15 €14
€ €10 €11 -€g -9 -€14 €15 €12 €13
€3 €11 -€10 €9 -€s €15 €14 €13 €12
€4 €12 €13 €14 €15 -€s -€9 €10 €11
€s €13 -€12 €15 €14 €9 -€g €11 €10
€ €14 €15 -€12 €13 €10 -€11 -€s €y
€7 €15 €14 -€13 €12 €11 €10 -€9 -€s
€g -€o e € €3 €4 €5 €5 er
€9 -€91 -€o -€3 € -€5 (N e; -6
€10 -6 €3 -€o -€; -6 -e7 (A €5
€n -€3 -€2 € -€o -€7 € -€5 €4
€12 -84 €5 €5 es -€ -1 -€2 -€3
€13 -€5 -€4 €7 -€5 €1 -€o €3 -€2
€14 -6 -€7 -€4 €5 €2 -€3 -€o €
€15 -€7 €6 -€s €4 €3 € -€1 -€o

Observations: Case 3:

e Each element in the loop appears once in each row
and column.

e b,b,=-b,bp, VM, neL, m#n.
e (by)?=-bp¥n=1,2, ..., 15.
e -bg commutes and associates with all the elements.

We next examine how C-loop identities are satisfied. We are
also providing several exam-ples in different cases.

(@) Left C-loop identity, (xx) (y z) = (x (xy)) z
Case 1: (trivial)

i ([)()X 0) (x, 0)] [(y, 0) (z, 0)] = (xx, 0) (y z, 0) = (xxyz,
i {(x,0) [(x,0)(y, 0)]} (z, 0) = [(x, 0) (xy, 0)] (z, 0) =
(xxy, 0) (z, 0) = (xxyz, 0)
= [(x, 0) (x, 0)] [(y, 0) (z, 0)] = {(x, 0) [(x, 0) (y, O)]} (z, 0)
Case 2:

i [(x0) (% 0)] [(y, 1) (z. 0)] = (xx, 0) (yz*, 1) =
(yz*xx, 1)

i {(x0)[(x,0) (y, )] } (z. 0) = [(x, 0) (yx, 1)] (z; 0) =
(yxx, 1) (z, 0) = (yxxz*, 1) =(yz*xx, 1)

= [(x, 0) (x, )]y, 1)(z, 0)] = { (x, 0) [(x, 0) (y, 1)] } (z, 0)
Example.

e (bsbs)(biobs) = -bo(-bg) = by
e (bs(bshig)) bs = (bs(b1s5)) bz = -b1o (b3) = bg

= (bsbs) (b1obs) = (bs (bsbyo)) b3

i [(x, 0)(x, 0)][(y, 0)(z, 1)] = (xx, 0) (zy, 1) = (zyxx, 1)
il {(x, 0)[(x, 0)(y, 0)I} (z, 1) = [(x, 0)(xy, 0)](z, 1) =
(xxy, 0)(z, 1) = (zxxy, 1) = (zyxx, 1)

= [(x,0) (x, 0)] [(y, 0) (z. 1)] = {(x, 0) [(x, 0) (¥, O)] } (z, 1).
Example.
o (bgbe) (babis) = -bo (-bg) = bg
e (bg(bebs)) b1y = (bs (-bs))b11 = -b3(by) = bg
= (bebs) (D3b11) = (bs (b)) b1y
Case 4:

i [(x 0) (x, 0)][(y, 1)(z, 1)] = (xx, 0) (-z*y, 0) = (-
xxz*y, 0)

i {(x,0) [(x, 0)(y, 1)] }z, 1) = [(x, 0) (yx, D] (z, 1) =
(yxx, 1) (z, 1) = (-z*yxx, 0) = (-xxz*y; 0)

= [(x, 0)(x, O] [(y, D(z, DI = { (x, 0)[(x, 0)(y, D] }(z, 1)
Example.

o (bsbs)(b14b11) = -bo(bs) = -bs

o (s (bsbas))b1s = (ba(-b1o))b11 = -b1a(b11) = -bs
= (babs) (b1b11) = (bs (bab1s)) by
Case 5:

I [(x, 1) (x, DIy, 0)(z, 0)] = (-x*x, 0) (yz, 0) = (-
x*xyz, 0)

i, {1 [(x, 1) (v, 01} (z, 0) = [(x, 1) (xy*, 1)] (z;
0) = (-yx*x, 0) (z; 0) = (-yx*xz, 0) = (-x*xyz, 0)

= [(x 1) (% DIy, 0)(z 0)]1 = { (x, DI(x, 1)(y. 0)] }(z, 0)
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Example.

o (by3bi3)(bsb7) = -by(bs) = -bs
o (by3(b1abys)) by = (by3(bg))b7 = -by(b7) = -bs

= (b13b13) (D4b7) = (13 (b13bs)) by
Case 6:
i [(x, 1) (x, DI, 1)(z, 0)] = (-x*X, 0) (yz*, 1) = (-yz*X*X, 1)

i { (DI Dy, DI (2 0) = [(x, 1) (-yx, 0)](z, 0) = (-xx*y, ®
1)(z, 0) = (-xx*yz*, 1) = .

(-yz*x*x, 1)
= [(x, 1) (x DIy, Dz 0] ={ (x, 1) [(x, D(y, D]} (2, 0)
Example.

o (by1by1)(basbs) = -bo(-byz) = by,
o (b1 (b11bss))bs = (D11(bs))bs = -bys(bs) = by,

= (b11b11) (b1sbs) = (D11 (D11b15)) bs
Case 7:
i [(x, 1), DY, 0)(z, 1)] = (-x*x, 0)(zy, 1) = (-zyx*X, 1)

ii. {(x, DI D, 0)] Hz 1) = [(x, Dxy*, DIz 1) = (yxx,
0)(z, 1) = (-zyx*x, 1)
= [(x, D, DIy, 0)(z, D] ={(x, DI 1)(y, 0)] }(z, 1)

Example.

o (D1gbio)(02b1s) = -bo(b12) = -byy
o (byo(bighr))bis = (b1o(bg))b1s = -ba(b14) = -bs,

= (10b10) (D2b14) = (010 (010b2)) D14
Case 8:
i [0 1), DINY, 1)(z, 1)] = (-x*x, 0)(-z*y, 0) = (x*xz*y, 0)

ii. {(x, DI(x Dy, D] Hz 1) = [(x, Dy, 0]z 1) = (xxry, ©
1)(z, 1) = (z*xx*y, 0) =

(xx*z*y, 0)
= [(x D, DIy, Dz DI ={(x, DI, 1y, D]}z 1)
Example.

o (b1bis)(bghi) = -bo(bs) = -b,
o (b1a(b1abg))b11 = (014(-b7))b11 = -bg(b11) = -b,

= (D14b14) (bgb11) = (b1 (b14byg)) b1

Conclusion: The left C-loop identity holds.

(b) The right C-loop identity, x((yz)z) = (xy)(zz)
Case 1: (trivial)

i.(x, 0) { [(y, 0) (z, 0)](z, 0) }=(x, 0)[(yz, 0)(z, 0)] = (x,
0)(yzz, 0) = (xyzz, 0)

ii. [(x, 0) (y, 0)] [(z, 0)(z, 0)]=(xy, 0)(zz, 0) = (xyzz, 0)
= (%, 0) {[(y, 0) (z. 0)](z, 0) } = [(x, 0)(y, 0)][(z, 0)(z, 0)]
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Case 2:

. (x, 0) { [(y, D)(z, 0)](z, 0) }=(x, O)[(yz*, 1)(z, 0)] = (x,
0)(yz*z*x, 1) = (yxz*z*, 1)

ii. [(x, 0) (y, D[z, 0)(z, 0)]=(yx, 1)(zz, 0) = (yxz*z*, 1)
= (X, 0) {[(y, 1) (z, 0)](z, 0) }= [(x, 0)(y, 1)][(z, 0)(z, O)]
Example.

b2 ((b13bs)bs) = ba(-b1gh1) = ba(-b12) = bys
(b2b13)(b6bs) = -b15(-bg) = bis

= by ((b13bs) ) = (b2b13) (bebs)
Case 3:

. (x, 1) { [{y, 0)(z, 0)I(z, 0) }=(x, D)[(yz, 0)(z, 0)] = (x, 1)(yzz,
0) = (xy*z*z*, 1)

i [(x, 1)y, 0)][(z, 0)(z, 0)]=(xy™*, 1)(zz, 0) = (xy*z*z*, 1)
= (%, 1) {(y, 0) (z, 0)1(z, 0) }= [(x, 1)(y, 0)][(z, 0)(z, 0)]
Example.

b10((b4bg)bg) = ba1o(b2bg) = b1g(-04) = p14
(b10b4)(bebg) = -D14(-bo) = b4

=10 ((04b6) bs) = (b10b4) (bbs)
Case 4:

1. DL, D 0](@z 0) }=(x, DI(yz*, 1)(z, 0)] = (x,
1)(yz*z*, 1) = (-zzy*X, 0) = (-y*xzz, 0)

i [(x, 1) (y, DIz 0)(z, 0)]=(-y*x, 0)(zz, 0) = (-y*xzz, 0)
= (1) {y.1) (z 0] 0) }= [(x, 1)(y, DI(z, 0)(z, 0)]
Example.

bg((b13bs)bs) = bg(bghs) = bg(-bys) = -bs
(bgb13)(bsbs) = bs(-bg) = -bs

= bg ((b13bs) bs) = (bgbs3) (bsbs)
Case 5:

i.(x, 0) {[{y, 0)(z, DIz 1) }=(x, O)(zy, 1)(z, )] = (x, 0)(-
z*zy, 0) = (-xz*zy, 0) = (-xyz*z, 0)

ii. [(x, 0) (v, 0)][(z, D(z, D]=(xy, 0)(-z*z, 0) = (-xyz*Z, 0)
= (x, 0) { [(y, 0)(z. DI(z. 1) }= [(x, 0)(y, 0)][(z, 1)(z, 1)]
Example.

o by((bsbis)bys) = by(biobis) = bs(-bs) = -b,
o (bsb3)(bishis) = ba(-bo) = -by,

= by ((b3bss) bas) = (b7b3) (b15b1s)
Case 6:

(1) L[y, 0z DIz 1) 3= (x, DIy, D(z, D] = (x, 1)(-
z*zy, 0) = (-xy*z*z, 1)

ii. [(x, 1) (v, O)ll(z, D(z, D)]=(xy*, 1)(z*Z, 0) = (-xy*z*z, 1)
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= (x 1) {[y: 0)(z, DIz 1) } = [(x, D(y, 0][(z, 1)(z, 1)]

Example.

o byo((b3big)bis) = b1o(-b13bis) = byo(-b3) = -bys
o (1203)(b14b14) = b1a(-bo) = -byy

= by ((b3b14) b1s) = (01203) (D14b14)
Case 7:

i.(x, 0) {[(y, Dz DIz 1) }= (%, 0)[(-*y, 0)(z, 1)] = (X, 0)(-
zz*y, 1) = (-yxzz*, 1)

i [(x, 0)(y, DIz, 1(z, D]=(yx, 1)(-z*Z, 0) = (-yxzz*, 1)
= (x, 0) {[(y, D)(z DIz 1) } = [(x, 0)(y, D][(z, 1)(z, 1]
Example.

o Dbu((b1sb1o)b1g) = Da(-bsb1g) = ba(-b15) = b1y
o (bsbys)(baghio) = -bis(-hg) = bay

= by ((D1sb10) b10) = (babis) (b1ghag)
Case 8:

i(x, 1) {[(y, Dz DIz 1) }=(x, DI(-z*y, 0)(z, 1)] = (x, 1)(-
z*zy, 1) = (yz*zx, 0) = (y*xz*z, 0)

i [(x, DI D@ DI=(y*x, 0)(-z*z, 0) = (y*xz*Z, 0)
= DLy, D@ DIz 1} =[x Dy DIz 1z 1)]
Example.

o D14((b13b12)b12) = b14(01b12) = b1a(-b13) = bs
o (b1abi3)(b1obio) = -bs(-bo) = bs
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= D14 ((b13012) b12) = (D14b13) (D12b12)
Conclusion: The right C-loop identity holds.
IV. SUMMARY

In this section, we were testing the satisfaction of C-loop
identities by sedenions. We have observed that sedenions
satisfy both the left and right C-loop identities.

Split extension of sedenions

In this section we are going to construct the multiplication
tables of the split extension of sedenions and determine
whether they satisfy the c-loop identities.

Let the basis elements in § xS° be as follows (Magero, 2007
and Jenya, 2012). We obtain the following structures as the
split extension of sedenions.

60 = (bO! 0)! 81 = (bll 0)1 62 = (bZ! O)! 83 = (b3! O)! 64 = (b4! 0)1
65 = (b5! 0)! 65 :(be, 0)! 67 = (b7! 0)! 88 = (bg, 0)1 89 = (b91 0)1
810 = (D10, 0), 811 = (11, 0), 812 =(b12, 0), 613 = (b13, 0), 814 =
(b14! 0)1 615 = (b15! 0)! 816 = (_bO! 1)1 617 = (_bl! 1)1 618 :(_bZ! 1)1
810 = (-b3, 1), 820 = (-ba, 1), 821= (b5,1), 822 = (-bg, 1), 823 = (-by,
1), 824 =(-bg, 1), 825 = (-bg, 1), 826 = (-b1o, 1), 827 = (-b11, 1), 28
= (-b1z, 1), 829 =(-b13, 1), 830 = (014, 1), 831 = (-b1s, 1), 832 = (-
Do, 0), 833 = (-hy, 0), 834 =(-02, 0); 835 = (-b3, 0), S35 = (-hy, 0),
837 = (-bs, 0), 335 = (-bg, 0), 339 = (-b7, 0), 840 =(-0g, 0), 841 = (-
Do, 0), 842 = (-b10, 0), 343 = (P11, 0), 844 = (-b12, 0), Su5 =(-b13,
0)! 646 = (_b14! 0)1 847 = (_blSI 0)! 648 = (bO! 1)! 849 = (b1! 1)1 650
= (by, 1), 851 =(bs, 1), 852 = (4, 1), 853 = (bs, 1), 354 = (b, 1),
855 = (b7, 1), 856 = (bg, 1), 857 =(bg, 1), dsg = (b10, 1), S50 = (D11,
1), 860 = (012, 1), 61 = (b13, 1), 862 = (D14, 1), & 63 =(b15, 1). The
frame multiplication table is as shown below.

Table2: Multiplication of the split extension of sedenions.

60 61 82 83 64 65 86 67 68 89 810 611 812 613 614 615
80 60 61 82 83 64 65 86 67 68 89 810 611 812 613 614 615
81 61 632 83 834 65 636 839 66 69 840 843 610 845 612 615 646
82 62 635 832 81 66 67 836 637 610 811 840 641 846 647 612 613
83 63 62 833 832 67 638 85 636 611 842 89 640 847 614 645 612
84 64 637 838 839 632 61 82 63 612 813 814 615 840 641 642 643
85 65 64 839 86 633 632 835 62 613 844 815 646 89 640 643 642
66 66 67 64 637 634 63 632 633 614 847 844 613 810 643 640 69
67 67 638 65 64 635 634 61 632 615 814 845 644 811 610 641 640
68 68 641 642 643 644 645 646 647 632 81 82 63 84 65 86 67
69 69 68 643 610 645 612 615 646 633 832 835 62 837 64 87 638
810 610 611 68 641 646 647 612 613 634 83 832 633 838 639 84 65
611 611 642 69 68 647 614 645 612 635 834 81 632 839 66 637 64
812 612 613 814 815 68 641 642 643 636 85 86 67 832 633 834 635
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613 613 644 615 646 69 68 611 642 637 636 67 638 6l 632 63 634
514 814 847 644 613 810 811 68 89 838 839 836 65 82 635 632 61
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617 633 632 635 62 637 64 87 638 641 68 611 642 613 644 647 614
518 834 83 632 633 838 839 64 85 842 843 88 69 814 615 644 645
519 835 834 61 632 839 86 637 84 843 810 841 68 815 646 613 644
520 836 85 66 67 832 833 634 835 844 845 846 847 88 69 610 611
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ds1 | 93 ) d33 | do 87 335 | 95 83 | d11 | a2 | B9 8g0 | B47 |14 |Oss |02
352 | 4 837 |93 | B3 | o 31 8, 33 812 |13 |O14 |15 |Oam |Om |0z | O
353 | 95 84 d39 | J6 333 | do 835 | 82 813 | a4 | O15 | s | O da0 | da3 | Oa
34 | 6 87 34 837 | B3 | 83 8o 833 | O14 |O47 |Oa4 |13 |0 |Os |Oam |0
ds5 | O7 833 | Os 34 835 | B3 | d1 3o 815 |14 |Oas |Oa4 | O |Ow0 |Om | O
ds6 | s 841 | B4z |Oa3 |Oa4 |Bas |Oss |Os | o 81 8, 33 04 35 d6 87
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625 641 68 643 610 645 612 615 646 633 6O 635 62 637 64 67 638
526 842 811 68 641 846 847 612 813 634 83 8O 833 638 639 64 65
527 843 842 69 68 847 814 645 812 835 634 81 80 639 66 637 64
528 844 813 614 615 88 841 642 843 836 85 86 87 8O 633 634 635
529 845 844 615 646 89 88 611 842 837 636 87 838 81 6O 63 634
530 846 847 644 613 810 811 68 89 838 639 636 85 82 635 6O 61
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659 611 6lO 641 640 615 646 613 644 63 62 633 632 67 638 65 636
560 812 845 646 547 840 89 610 811 84 837 838 839 832 61 62 63
561 813 812 547 614 841 840 643 810 85 84 839 86 833 632 635 62
562 814 815 512 645 842 843 640 841 86 87 84 837 834 63 632 633
563 815 846 613 512 843 842 69 840 87 838 85 84 835 634 61 632

Observations:

e Any two distinct elements in the table define a third
one uniquely. This imply that § xS° is a quasigroup.

e J is the two sided identity in the split extension of
sedenions. It follows that § xS° is a loop.

o 3 0n#08md, Mm#n.

e (3)?=8;pwhenn=1, 2,3,...,31,33, ..., 47,49,...,
63 while (8,)° =8, whenn=

0, 32 and 48.

We next determine whether C-loop identities are satisfied. We
are also providing examples in different cases.

(a) Left C-loop identity, (xx) (yz) = (x(xy))z
Case 1: (trivial)
i. [(x, 0) (x, 0)][(y, 0)(z, 0)] = (xx, 0)(yz, 0) = (xxyz, O)

ii. {(x, 0) [(x, 0) (y, 0)I} (z, 0) = [(x, 0) (xy, 0)I(z, O) = (xxy,
0)(z, 0) = (xxyz, 0)

= [(x, 0)(x, 0)][(y, 0)(z, 0)] ={ (x, O)[(x, O)(y, 0)] }(z, O)
Case 2:
i [(x,0) (x, 0)] [(y, 1) (z, 0)] = (xx, 0)(yz*, 1) = (yz*xx, 1)

i {(x, 0) [(x, 0) (y, )] } (z, 0) = [(x, 0) (yx, D)I(z, 0) = (yxx,
1)(z; 0) = (yxxz*, 1) = (yz*xx, 1)

= [(x, 0) (x, 0)]L(y, 1)(z, 0)] ={(x, O)[(x, 0)(y, 1)] } (z, 0)
Example.

® (813 013)( 029 35) = 832(J62) = O30
o (813(313 O29)) O35 = (813(Sas)) O35 = J61(O35) = O30

= (013 813) (829 035) = (813 (013 20)) O35
Case 3:
i. [(x, 0)(x, O)IL(y, 0)(z, 1)] = (xx, 0)(zy, 1) = (zyxx, 1)

i {(x, OL(x, 0)(y, 0)] } (z, 1) = [(x, O)(xy, 0)](z, 1) = (xxy,
0)(z, 1) = (zxxy, 1)

= [(x, 0)(x, 0)][(y, 0)(z, D] # { (x, 0)[(x, 0)(y, 0)] } (2, 1)
Example.

(037 837)( 046 O60) = B32(Bs0) = S1g
® (537(537 546)) de0 = (537(543)) dg0 = 546(560) = 350

(37 637) (346 B60) O 60 # (337(D37 O45)) Oe0

Conclusion: The left C-loop identity fails.
(b) The right C-loop identity, x ((yz) z) = (xy) (zz)
Case 1:

i. (x, 0) { [y, 0)(z, 0)](z, 0) }=(x, 0)[(yz, 0)(z, 0)] = (x, O)(yzz,
0) = (xyzz, 0)

il [(x, 0) (v, 0)][(z, 0)(z, 0)]=(xy, 0)(zz, 0) = (xyzz, 0)
= (%, 0) {[(y, 0)(z, 0)](z, 0) } = [(x, O)(y, 0)][(z, 0)(z, O)]
Case 2:

(% 0) {[(y, 1) (z, 0)](z, 0) }=(x, O)[(yz*, 1)(z, O)] = (X,
0)(yz*z*x, 1) = (yxz*z*, 1)

ii. [(x, 0) (y, DIz, 0)(z, 0)]=(yx, 1)(zz, 0) = (yxz*z*, 1)
= (X, 0) { [(y, 1)(z, 0)1(z, 0) } = [(x, 0)(y, D)][(z, 0)(z, 0)]
Example.

o 346((021 611) 011) = O46(S30 011) = Bap(ds3) = Jsg
o (3up 021)( 811 811) = 827(832) = Os9

= 046((821 011) 611) = (Bag 021) ( 811 O11)
Case 3:

i (x 1) { [y, 0)(z 0)I(z, 0) } = (x, DI(yz, 0)(z, 0)] = (x,
1)(yzz, 0) = (xy*z*z*, 1)

ii. [(x, 1) (v, 0)][(z, 0)(z, 0)]=(xy*, 1)(zz, 0) = (xy*z*Z*, 1)
= (x, 1) { [(y, 0)(z, 0)1(z, 0) } = [(x, 1)(y, 0)][(z, 0)(z, O)]
Example.

o O5g((8a0 O43) O43) = B 55(33 B43) = O58(g) = Os0
® (055 040)( Oa3 Su3) = 018(332) = Bs0

= 355 (340 043) 843) = (O58 Oa0) (Oa3 O43)
Case 4;

(x 1) { [y, D 0]z 0) }=(x, DI(yz*, 1)z, 0)] = (x,
1)(yz*z*, 1) = (-zzy*x, 0) =(-y*xzz, 0)

ii. [(x, Dy, DI 0)(z, 0)]=(-y*x, 0)(zz, 0) = (-y*xzz, 0)
= (x, 1) {[(y, 1)(z, 0)](z, 0) }= [(x, D)y, D][(z, 0)(z, 0)]
Example.

®  324((818 611) 811) = 624(825 811) = 524(550) =042
d (524 818)( O11 811) = 610(832) =04
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= 824 (318 811) O11) = (824 O18) ( O11 O11)
Case 5:

i (x, 0) { [(y, 0) (z, DI(z, 1) }=(x; O)[(zy, 1)(z, 1)] = (x, O)(-
z*zy, 0) = (-xz*zy, 0) = (-xyz*z, 0)

ii. [(x, 0) (v, )] [(z, 1)(z, DI=(xy, 0)(-z*Z, 0) = (-xyz*z, 0)
= (X, 0) {[(y. 0) (z. 1)] (z, 1) } = [(x, 0)(y, O)][(z, 1)(z, 1)]
Example.

° 338((014 B60) O60) = O33(S18 de0) = d38(Sas) = da0
® (033 814)( G0 Bs0) = O8(932) =S40

= J35 ((014 J60) Fe0) = (O35 014) (60 Ie0)
Case 6:

i(x 1) {y. 0) (z DIz 1) }=(x, DI(zy, D(z, 1)] = (x, 1)(-
z*z,0) = (-xy*z*z, 1)

i [(x, 1) (v, 0)][(z, 1) (z. D]=(xy*, 1)(z*Z, 0) = (-xy*z*Z, 1)
=X D{ly.0) (z DIz 1) }= [x Dy, 0]z 1)z 1]
Example.

o 359((845 952) O52) = Bs9(8s7 O52) = O59(D13) = 20
® (359 045)( 85 O52) = O54(d32) = 822

= 35 ((O45 O52) 352) = (Os9 O45) (352 Os2)
Case 7:

(% 0) {[y. 1)z DIz 1) }=(x, 0)[(-z*y, 0)(z, 1)] = (x, 0)(-
zz*y, 1) = (zz*yx, 1) = (-yxzz*, 1)

i [(x, 0) (y, DI[(z, 1)(z, D]=(yx, 1)(-z*z, 0) = (-yxzz*, 1)
= (x0){[(y,1) z, D] (z 1} = [(x, 0)(y, DIl(z. 1)(z, 1)]
Example.

o 313((327 Sag) Sag) = 813(8a2 Ba9) = O13(Js9) = 54
® (313 827)( Bug Oag) = 822(d32) = 854

= 813 ((827 S49) 49) = (813 827) (a9 S4g)
Case 8:

L, D)Ly, 1) z DIz 1) 3=, DI(-z*y, 0)(z, 1)] = (x, 1)(-
z*zy, 1) = (yz*zx, 0) = (y*xz*z, 0)

8) [(X, 1) (y! 1)] [(Z’ 1) (Z’ 1)] = (-y*X, O) ('Z*Z, 0) = (y*XZ*Z:

=xD{y. 1)@ D]z 1) }=1x1) . DIz D@z 1)]
Example.

®  02((057 O49) Bag) = 822(8ag Oag) = 022(825) = B35
® (022 057)( Oag Oag) = B47(832) = 815

= 846 ((821 811) 011) = (Oas 821) (011 B11)
Conclusion: The right C-loop identity holds.
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In this section, we were testing the satisfaction of C-loop
identities by split extension of sedenions. We have observed
that they satisfy the right C-loop identity only.

V. CONCLUSION

The main objective in our paper was to determine if the
sedenions form C-loops. We have also investigated whether
the split extension of sedenions form C-loops. We have used
the Cayley-Dickson doubling formula in the construction of
the frame multiplication tables which we have used in testing
the C-loop identities. We have found that the sedenions satisfy
both the left and the right C-loop identities. The split
extension of sedenions has only satisfied the right C-loop
identity. As result of the mentioned observations, it is evident
that the sedenions form C-loops. However, the split extension
of sedenions does not form C-loops.
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