
International Journal of Research and Innovation in Applied Science (IJRIAS) | Volume V, Issue VIII, August 2020|ISSN 2454-6194 

www.rsisinternational.org Page 111 
 

On the Semi-Implicit Iterative Scheme for a General 

Class of Map 
Alfred Olufemi Bosede

1
, Adegoke Stephen Olaniyan

2
, Omolara Fatimah Bakre

3
 

1,2
Department of Mathematics, Lagos State University, Ojo, Lagos, Nigeria 

3
Department of Mathematics& Statistics, Federal College of Education (Technical), Akoka, Lagos 

 

Abstract - Our aim in this paper is to consider a different type of 

implicit iteration scheme called Semi-Implicit iteration (SII) 

scheme and study its strong convergence as well as the stability 

for a general class of maps in a normed linear space. We establish 

the rate of convergence and present numerical example which 

validate that the SII iterative scheme converges better than 

implicit Mann, implicit Ishikawa iteration and implicit S-

iteration schemes. 

Keywords: Semi-Implicit Iterative Scheme, Generalized 

Contractive-Like Operators, Common Fixed Point, T-Stability, 

Rate of Convergence 

I. INTRODUCTION AND PRELIMINARY DEFINITIONS 

t has been established over the years that implicit iterations 

have an advantage over explicit iteration schemes because 

they provide better approximations when compared to explicit 

iteration schemes. In recent years, implicit iteration schemes 

for approximating fixed points for non-linear mappings has 

been proposed and studied by different authors. Several 

authors have explored implicit iterations in terms of its 

qualitative features such as convergence, stability and rate of 

convergence in various spaces (see [4], [6], [7], [8], [9], [14], 

[15], [16], [20], [21]). However, authors such as ([14], [20], 

[21]) went ahead to define new implicit iterations. Chugh et al. 

[14, 2015] defined a new 3-step implicit iteration and studied 

its strong convergence, stability, rate of convergence and data 

dependence in convex metric spaces. They concluded that 

their proposed scheme has better rate of convergence than 

implicit & explicit Mann and implicit & explicit Ishikawa 

iteration schemes. Isa and Mujahid [21, 2017] introduced an 

implicit S-iteration process and studied its convergence in the 

framework of W-hyperbolic spaces. They concluded that S-

iteration process has better rate of convergence than implicit 

Mann iteration and implicit Ishikawa iteration processes. 

Recently, Isa [20, 2018] introduced a new 3-step implicit 

process and proved that it is faster than the other implicit 

iteration process. Our contribution in this paper is inspired by 

the above described scheme, therefore we propose a new 3-

step iteration called Semi-Implicit iteration scheme for a 

general class of map T. We show that the scheme converges to 

a fixed point of T; the scheme is T-stable and has a better 

convergence rate in comparison with existing schemes. 

Algorithm 1.1. Let (E, ||.||) be a normed linear space and D a 

non empty convex closed subset of E and T: D → D a self map 

of D. Then the Semi Implicit iteration (SII) scheme we propose 

is as follows: Pick 𝑥0∈ E and let sequence {𝑥𝑛 }𝑛=0
∞ be 

generated by 

𝑥𝑛+1 =  1 − 𝛼𝑛 𝑦𝑛 + 𝛼𝑛𝑇𝑥𝑛 ; 

     𝑦𝑛 =  1 − 𝛽𝑛 𝑧𝑛 + 𝛽𝑛𝑇𝑦𝑛 ;                                        (1) 

     𝑧𝑛 =  1 − 𝛾𝑛 𝑥𝑛 + 𝛾𝑛𝑇𝑧𝑛 , 

where sequences {𝛼𝑛}, {𝛽𝑛} and {𝛾𝑛}⊂[0, 1] 

If  𝑦𝑛 = 0 in (SII), we get Ishikawa-type iteration: 

𝑥𝑛+1 =  1 − 𝛼𝑛 𝑦𝑛 + 𝛼𝑛𝑇𝑥𝑛 ; 

     𝑦𝑛 =  1 − 𝛽𝑛 𝑥𝑛 + 𝛽𝑛𝑇𝑦𝑛 .                                        (2) 

Moreover, if 𝛽𝑛 = 𝛾𝑛 = 0 in (SII), we get Mann-type 

iteration: 

xn+1 =  1 − 𝛼𝑛 𝑥𝑛 + 𝛼𝑛𝑇𝑥𝑛 .                                         (3) 

Remark 1.2. Note that (3) is equivalent to explicit Mann 

iteration scheme hence the title of our work 

Zamfirescu [18, 1972] obtained some interested operators 

which satisfy, for each pair of points x, y in X with 0 <a< 1,  

0≤ b < ½ and 0 ≤ c < ½ such that at least one of the following 

is true: 

(i) d(𝑇𝑥 , 𝑇𝑦 ) ≤ ad(x, y) ; 

(ii) d(𝑇𝑥 , 𝑇𝑦 ) ≤ b[d(x, 𝑇𝑥 )+ d(y, 𝑇𝑦 )];                                        (4) 

(iii) d(𝑇𝑥 , 𝑇𝑦 ) ≤ c[d(x, 𝑇𝑦 )+ d(y, 𝑇𝑥 )]. 

These class of operators have been adjudged to be the most 

general contractive-like operators and have been investigated 

by various authors (see [1], [2], [6], [8]). 

We can observe that (4) is equivalent to the following: 

d (Tx, Ty)≤ hmax {d 𝑥. 𝑦 ,
1

2
[(d(x, Tx) +(y, Ty)], 

1

2
[d(x,Ty)+d(y,Tx)]}                                                                (5) 

where    0 ≤ h < 1. 

Now, let us consider some of the contractive mappings that 

will be used in the sequel. 

I 
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Let E be a normed linear space and D a non-empty convex 

closed subset of E and T: D →D be a self map of D for which 

there exist the real number a ∈ [0, 1) and x, y ∈D such that: 

|| x - Ty || ≤ a || x – y ||                                                    (6) 

The contractive condition (5) according to Zamfirescu [18] 

implies 

||Tx -Ty|| ≤ δ||x-y|| + 2δ ||x-Tx||                                        (7) 

where δ∈ [0,1). Observe that (7) will become (6) only if x is a 

fixed point of T. 

In Osilike [12, 1995] the following contractive definition was 

used: for each x, y ∈ E, there exist L≥0 and a∈ [0, 1) such that  

||Tx-Ty|| ≤ a||x-y|| + L||x-Tx||                                         (8) 

to prove several stability results which are generalizations and 

extensions of most of the results of Rhoade [5, 2010] as hinted 

in Bosede et al. [4,2018]. 

Imoru and Olatinwo [11, 2008] gave the following general 

contractive definition which is more general than (8): 

for each x, y ∈ E, there exists a ∈ [0,1) and a monotone-

increasing function φ : R
+
→ R

-
 with φ (0) = 0 such that 

||Tx -Ty|| ≤  δ ||x - y|| + φ (||x - Tx ||)                             (9) 

The suggested assumption of (6) by Bosede and Rhoades [2] 

put an end to (9) by putting x=p in (9) and in addition, 

Chidume and Olaleru [6] validated with several examples that 

(6) is more general than (7), (8) and (9). 

We will need the following lemmas and definition to prove 

our main results. 

Lemma 1.3. [19]Let𝛿 be a real number satisfying 0 ≤ 𝛿< 1 

and {𝜖𝑛}𝑛=0
∞  a sequence of positive numbers such that 

𝑙𝑖𝑚𝑛→∞ 𝜖𝑛  = 0, then for any sequence of positive numbers  

{𝑢𝑛}𝑛=0
∞  satisfying 

𝑢𝑛+1 ≤ 𝛿𝑢𝑛 + 𝜖𝑛 , ∀ n ≥ 0                                                (10) 

then limn→∞ 𝑢𝑛  = 0. 

Lemma 1.4. [17]Let {a𝑛}𝑛=0
∞  and {ϵ𝑛 }𝑛=0

∞  be non negative real 

sequences satisfying the following inequality a𝑛+1 ≤ (1 −
𝜆𝑛)a𝑛 +  ϵ𝑛 , such that 𝜆𝑛∈ (0, 1), for all n≤ n0, ∑𝑛=0

∞ 𝜆𝑛   = ∞ 

and ϵ𝑛  = o(𝜆𝑛 ). Then limn→∞ a𝑛  = 0. 

Definition 1.5.[19]Let {an} and {bn} be two real convergent 

sequences with limits a and b respectively. Then {an} is faster 

than {bn} if 

lim
n→∞

 
𝑎𝑛 − 𝑎

𝑏𝑛 − 𝑏
 = 0 

Definition 1.6.[19] Let un and vn be two fixed point iterations 

that converge to the same fixed point p on a normed space X 

such that the error estimates ||un - p||≤ an and ||vn - p ||≤ bn 

are available such that {an} and {bn} are two sequences of 

positive numbers that converge to zero. If {an} converges 

faster than {bn} then we say that {un} converges faster to p 

than {vn}. 

Definition 1.7. [9]Let (X, ||.||) be a normed linear space and 

T: X → X a self map, x0 ϵ X and the iteration procedure 

defined by 

𝑥𝑛+1= f (T, 𝑥𝑛 ),                                                     (11) 

such that the generated sequence {x𝑛}𝑛=0
∞  converges to a fixed 

point p of T. Let {u𝑛}𝑛=0
∞  be an arbitrary sequence in X, and 

ϵ𝑛= ||un+1 – f (T, un)||, for n ≥ 0, then the iteration (11) is T-

Stable if and only if lim
n→∞

ϵ𝑛  = 0 implies that lim
n→∞

 un = p. 

II. MAIN RESULT 

Theorem 2.1.Let (X, ||.||) be a normed linear space, E a 

nonempty, convex and closed subset of X. Let T: E →E be a 

self map satisfying F (T) ≠ ∅ and the inequality: 

||Tx-Ty|| ≤a ||x-y||,                                                      (12) 

where 0≤a < 1. Then, for x0 ϵ E, the sequence {xn} defined by 

(1)   converges to the fixed point p of T, provided ∑𝛼𝑛= ∞.  

Proof: Let p ϵ F (T). From (1) and (12), we have 

||𝑥𝑛+1- p|| ≤ (1- 𝛼𝑛 )|| 𝑦𝑛 -p||+ 𝛼𝑛 || T𝑥𝑛 -p|| 

                ≤ (1- 𝛼𝑛 )|| 𝑦𝑛 -p| |+ a 𝛼𝑛 ||𝑥𝑛 -p||,                 (13) 

Again from (1) and (12), we have   

||𝑦𝑛 - p|| ≤ (1-𝛽𝑛 )||𝑧𝑛 - p||+ 𝛽𝑛 || T𝑦𝑛 -p|| 

                ≤ (1-𝛽𝑛 )||𝑧𝑛 - p||+ a𝛽𝑛 || 𝑦𝑛 -p||             

Therefore, 

||𝑦𝑛 - p|| ≤
1−𝛽𝑛

1−𝑎𝛽𝑛
||𝑧𝑛 - p||                                                 (14) 

Furthermore, 

|| 𝑧𝑛 - p || ≤  1 − 𝛾𝑛  || 𝑥𝑛 - p||+ 𝛾𝑛 || T𝑧𝑛 - p|| 

                  ≤  1 − 𝛾𝑛  || 𝑥𝑛 - p||+ 𝑎 𝛾𝑛 ||𝑧𝑛  - p|| 

Thus, 

              ||𝑧𝑛 - p || ≤
1−𝛾𝑛

1−𝑎𝛾𝑛
|| 𝑥𝑛 - p||                                   (15) 

Assuming 
𝐴𝑛

𝐵𝑛
 = 

1−𝛽𝑛

1−𝑎𝛽𝑛
, then 

1 −
𝐴𝑛

 𝐵𝑛
 = 1-

1−𝛽𝑛

1−𝑎𝛽𝑛
=

𝛽𝑛  1−𝑎 

1−𝑎𝛽𝑛
≥ 𝛽𝑛 1 − 𝑎                      (16) 

Therefore, 
𝐴𝑛

 𝐵𝑛
≤ 1-𝛽𝑛 1 − 𝑎 ≤   1.                               (17) 

In the same vein, 
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1−𝛾𝑛

1−𝑎𝛾𝑛
= 1-𝛾𝑛 1 − 𝑎 ≤   1.                                              (18) 

Making use of (17) in (14), (18) in (15) and all in (13), we 

have 

||𝑥𝑛+1- p|| ≤ [a𝛼𝑛 + (1- 𝛼𝑛 )]||𝑥𝑛 -p|| 

                     ≤ [1- 𝛼𝑛 (1 – a)]||𝑥𝑛 -p||.                              (19) 

Hence, 

  𝑥𝑛– 𝑝  ≤   1 − 𝛼𝑡  1 – 𝑎    𝑥0– 𝑝  .                    20 

𝑛

𝑡=1

 

 Using the fact that 0 ≤a < 1 and 𝛼𝑛ϵ [0, 1), it follows that 

  𝑥𝑛– 𝑝  ≤ 𝑒−∑ 𝛼𝑡  1 –𝑎 𝑛
𝑡=1   𝑥0 − 𝑝                                 (21) 

Since∑ 𝛼𝑛 = ∞, then (21) and application of Lemma (1.4) 

yields 𝑙𝑖𝑚𝑛→∞ ||𝑥𝑛– 𝑝 || = 0.We conclude that {𝑥𝑛} converges 

to p. 

Corollary 2.2. Let (X, ||.||) be a normed linear space, E a non 

empty, convex and closed subset of X and T: E → E a self map 

such that, F(T)  ≠ ∅ and 

|| Tx - y || ≤ a|| x – y ||,                                                     (22) 

where  0 ≤ a < 1. Let the sequences {xn} and {yn} be defined 

by (2) and (3) with∑ 𝛼n = ∞, then for x0 ϵ E, we have: 

(i)  (2) converges strongly to the fixed point p of T; 

(ii) (3) converges strongly to the fixed point p of T. 

Theorem 2.3.Let E be a Banach space, T: E →E be a self map 

of E with a fixed point satisfying (6) for each y ϵ E and 0 ≤ a 

< 1. Then the sequence {x𝑛}𝑛=0
∞  defined in (1) with 0 < α <𝛼𝑛  

, 0 <𝛽<𝛽𝑛  and 0 <𝛾<𝛾𝑛  is T-stable. 

Proof: Let{𝑡𝑛}𝑛=0
∞ , {𝑢𝑛 }𝑛=0

∞  and {𝑣𝑛}𝑛=0
∞  be an arbitrary 

sequences where 

𝑢𝑛=𝛽𝑛T𝑢𝑛+ (1- 𝛽𝑛 )𝑣𝑛 , 

𝑣𝑛  =𝛾𝑛T𝑣𝑛+ (1- 𝛾𝑛 )𝑡𝑛 .  

Let ϵ𝑛= ||𝑡𝑛+1-(1-𝛼𝑛 )𝑡𝑛 - 𝛼𝑛Tun|| and suppose lim
n→∞

ϵ𝑛  = 0. 

Making use of (6), we will now prove that 𝑙𝑖𝑚
𝑛→∞

𝑡𝑛  = p 

We have 

||𝑡𝑛+1– p|| ≤||𝑡𝑛+1-(1 - 𝛼𝑛 )𝑡𝑛 - 𝛼𝑛T𝑢𝑛  || 

                 + || 𝑡𝑛  (1 - 𝛼𝑛 ) - (1 - 𝛼𝑛+𝛼𝑛 ) p + 𝛼𝑛  T𝑢𝑛  || 

                  ≤ 𝜖𝑛  + (1 - 𝛼𝑛 ) || 𝑡𝑛– p ||+ 𝛼𝑛  || T𝑢𝑛  - p||.       (23) 

Applying (6) and substituting in (23), we get 

|| 𝑡𝑛+1- p|| ≤ 𝜖𝑛  + (1 - 𝛼𝑛 ) || 𝑡𝑛 - p||+a 𝛼𝑛 ||𝑢𝑛 - p||,            (24) 

||𝑢𝑛  - p||    = ||𝛽𝑛  T 𝑢𝑛  + (1-𝛽𝑛 ) 𝑣𝑛 - (1-𝛽𝑛   + 𝛽𝑛 ) p|| 

                ≤ 𝛽𝑛   ||T𝑢𝑛  -p||+ (1-𝛽𝑛 ) ||𝑣𝑛  - p|| 

                ≤a𝛽𝑛   || 𝑢𝑛  - p||+(1- 𝛽𝑛 ) || 𝑣𝑛  - p||, 

thus 

              ||un - p||   = 
1−𝛽𝑛

1−𝑎𝛽𝑛
 ||𝑣𝑛 -p||.                                    (25) 

Also, 

||𝑣𝑛 -p|| = ||𝛾𝑛T𝑣𝑛+ (1-𝛾𝑛) 𝑡𝑛 - (1- 𝛾𝑛+ 𝛾𝑛 ) p|| 

             ≤ 𝛾𝑛   ||T𝑣𝑛  - p||+ (1-𝛾𝑛 ) ||𝑡𝑛 - p|| 

             ≤ a𝛾𝑛 ||𝑣𝑛 - p||+(1- 𝛾𝑛 ) || 𝑡𝑛 - p||, 

thus 

                  ||𝑣𝑛  - p|| = 
1−𝛾𝑛

1−𝑎𝛾𝑛
 || 𝑡𝑛 - p ||.                              (26) 

Substituting (26) in (25) and keeping in mind (17) and (18), 

then (24) becomes 

||𝑡𝑛+1- p|| ≤ 𝜖𝑛+ [1- (1-a)𝛼𝑛 ] ||𝑡𝑛 -p||.                              (27) 

Application of Lemma 1.3 in (27) results to 

lim
n→∞

t𝑛= p. 

Conversely, let lim
n→∞

t𝑛= p, we will now show that lim
n→∞

ϵ𝑛= 0. 

Indeed,  

𝜖𝑛  = || 𝑡𝑛+1- (1 - 𝛼𝑛 ) 𝑡𝑛 - 𝛼𝑛  T𝑢𝑛 || 

     = || 𝑡𝑛+1+ (1 - 𝛼𝑛 + 𝛼𝑛 )p - p - (1 - 𝛼𝑛 )𝑡𝑛 - 𝛼𝑛T𝑢𝑛 || 

     ≤ ||𝑡𝑛+1- p|| + || (1 - 𝛼𝑛  + 𝛼𝑛 )p - (1 - 𝛼𝑛 )𝑡𝑛 - 𝛼𝑛T𝑢𝑛 || 

     ≤ ||𝑡𝑛+1- p||+ (1 - 𝛼𝑛 ) ||𝑡𝑛 - p|| + a𝛼𝑛 ||𝑢𝑛 - p||.              (28) 

 

Substituting (25) and (26) in (28) and making use of (17) 

results in 

𝜖𝑛 ≤||𝑡𝑛+1- p|| + [1 - (1 - a) 𝛼𝑛 ]||𝑡𝑛 - p||.                          (29) 

Since 𝑙𝑖𝑚
𝑛→∞

 || 𝑡𝑛  - p|| = 0, we obtain 𝑙𝑖𝑚
𝑛→∞

𝜖𝑛  = 0. 

Therefore the Semi Implicit Iterative Scheme [SII] (1) is T-

Stable. 

Corollary 2.4. Let E be a Banach space, T: E →E be a self 

map of E with a fixed point satisfying (6) for each y ϵ E and    

0 ≤ a < 1. Then, the sequence {x𝑛}𝑛=0
∞  with 0 < α <𝛼𝑛  and         

0 <𝛽<𝛽𝑛  defined in (2) and (3) is T- stable. 
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III. RATE OF CONVERGENCE 

Theorem 3.1.Let D be a nonempty, closed and convex subset 

of a normed linear space (E, ||.||) and T: D → D a contractive 

type mapping with F(T) ≠ ∅. Then, the sequence {x𝑛} defined 

by the (SII) Iteration with ∑ (1 - 𝛼𝑛 ) = ∞ converges to a fixed 

point p of T faster than implicit Mann and Ishikawa Iteration. 

Proof: Using implicit Mann, we have 

||𝑥𝑛+1- p|| ≤ 𝛼𝑛 || 𝑥𝑛 - p||+ (1- 𝛼𝑛 )||T𝑥𝑛+1 - p|| 

                  ≤ 𝛼𝑛 || 𝑥𝑛 - p|| + a (1- 𝛼𝑛 )|| 𝑥𝑛+1- p||,  

therefore, 

||𝑥𝑛+1- p|| ≤   
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )
 ||𝑥𝑛  - p||  

                   . 

                   . 

                   . 

                 ≤  
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )
 

𝑛

||𝑥0 - p||. 

So let 𝑏𝑛  =  
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )
 

𝑛

|| 𝑥0 - p||.                              (30) 

For Implicit Ishikawa, we have 

||𝑥𝑛+1 - p|| ≤ 𝛼𝑛 ||𝑥𝑛 - p||+ (1- 𝛼𝑛 )||T𝑦𝑛 - p|| 

                 ≤ 𝛼𝑛 ||𝑥𝑛 - p|| + a(1- 𝛼𝑛 )||𝑦𝑛 - p||,                  (31)   

thus 

||𝑦𝑛 - p|| ≤ 𝛽𝑛 ||𝑥𝑛+1- p|| + (1- 𝛽𝑛  )||T𝑥𝑛+1- p|| 

              ≤ 𝛽𝑛 ||𝑥𝑛+1- p|| + a(1- 𝛽𝑛  )||𝑥𝑛+1- p||.               (32) 

Therefore,  

||𝑥𝑛+1- p|| ≤ 𝛼𝑛 ||𝑥𝑛 - p|| + a(1- 𝛼𝑛 )[𝛽𝑛  + a(1- 𝛽𝑛  )]||𝑥𝑛+1- p|| 

                ≤
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )[𝛽𝑛  + 𝑎(1− 𝛽𝑛  )]
 ||𝑥𝑛 - p||  

                 . 

                 . 

                 . 

                  ≤  
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )[𝛽𝑛  + 𝑎(1− 𝛽𝑛  )]
 

𝑛

||𝑥0 - p||. 

So let 

        cn = 
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )[𝛽𝑛  + 𝑎(1− 𝛽𝑛  )]
 

𝑛

||𝑥0 - p||.       (33) 

For (SII) Iteration, making use of (14) and (15) in (13) we get, 

||𝑥𝑛+1- p|| ≤
 (1 − 𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )

 1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )
|| 𝑥𝑛  - p|| + a𝛼𝑛 || 𝑥𝑛  - p||. 

Therefore 

||𝑥𝑛+1- p||≤
 (1 − 𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )+ 𝑎𝛼𝑛  1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )

 1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )
||𝑥𝑛  - p|| 

                 . 

                 . 

                 . 

                ≤  
 (1 −𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )+ 𝑎𝛼𝑛  1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )

 1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )
 

𝑛

||𝑥0 - p||. 

Also, let 

an=  
 (1 − 𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )+ 𝑎𝛼𝑛  1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )

 1−𝑎𝛽𝑛  (1−𝑎𝛾𝑛 )
 

𝑛

||x0 - p|| 

Making use of definitions (1.5) and (1.6), we get 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛

𝑏𝑛
 =0 and 𝑙𝑖𝑚

𝑛→∞

𝑎𝑛

𝑐𝑛
 = 0. 

Evidently, 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛

𝑐𝑛
 = 

 
 (1 − 𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )+ 𝑎𝛼𝑛  1−𝑎𝛽 𝑛  (1−𝑎𝛾 𝑛 )

 1−𝑎𝛽 𝑛  (1−𝑎𝛾 𝑛 )
 
𝑛

||𝑥0  − 𝑝||

 
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )[𝛽𝑛  + 𝑎(1− 𝛽𝑛  )]
 
𝑛

||𝑥0  − 𝑝||
 = 0. 

which implies that the (SII) Iteration converges faster than 

Implicit Ishikawa Iteration. 

Also, 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛

𝑏𝑛
 = 

 
 (1 − 𝛼𝑛 ) 1−𝛽𝑛  (1−𝛾𝑛 )+ 𝑎𝛼𝑛  1−𝑎𝛽 𝑛  (1−𝑎𝛾 𝑛 )

 1−𝑎𝛽 𝑛  (1−𝑎𝛾 𝑛 )
 
𝑛

||𝑥0  − 𝑝||

 
𝛼𝑛

1 – 𝑎(1− 𝛼𝑛 )
 
𝑛

||𝑥0  − 𝑝||
 = 0. 

This implies that the (SII) Iteration converges faster than 

Mann Iteration. 

 It implies that (SII) Iteration converges faster than both 

Implicit Mann and Implicit Ishikawa iteration processes. 

 Let us now buttress the above proof with numerical example. 

Example 3.2.(See [21])  Let E = [0,1] be defined by Tx = 
 1

2
,   x 

≠ 0, a ϵ [0,1]  and 𝛼𝑛  = 𝛽𝑛  = 𝛾𝑛  = 1- 
 1

𝑛
 for n ≥ 2 .The 

comparison of the convergences of the implicit Mann (IMI), 

implicit Ishikawa (III), implicit S-iteration(ISI)[15] and semi 

implicit iteration (SII)  to the fixed point p = 0 are given  with 

initial value x1= 1 in table below. 
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Table 1.Comparison of the Convergence Rate of IMI, III, ISI and SII 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Remark 3.3.  From the above example, it is observed that semi 

implicit iteration (SII) iteration has faster convergence rate 

than implicit Mann iteration (IMI), im plicit Ishikawa iteration 

(III) and implicit S-iteration (ISI) proposed in [21]. 
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