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Abstract— Theoretical calculation of temperature variation of
relative volume thermal expansion and isothermal bulk modulus
of aluminium (Al) up to melting temperature has been carried
out using a conjunction scheme of mean field potential (MFP)
and local pseudopotential. At such high temperature,
anharmonic effects due to ionic vibrations and thermally excited
electrons play an important role. Computed results are found to
be in good agreement with experimental and other theoretical
results. Such success reveals that anharmonic effects are
accounted properly in the presently used conjunction scheme.

modulus as a function of temperature up to melting
temperature (melting temperature of Al is 933.5 K [7]).
The rest of the paper has been organised as follows. In
section II, the construction of MFP in terms of cold energy
and anharmonic contribution to the Helmholtz free energy are
discussed. In section III, we have compared presently
computed results with available experimental and other
theoretical results. Paper is concluded in section IV.

Keywords— pseudopotential, mean field potential, anharmonic
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II. THEORY
Total Helmholtz free energy for a metal is given by
𝐹 Ω, 𝑇 = 𝐸𝑐 Ω0 + 𝐹𝑖𝑜𝑛 Ω, 𝑇 + 𝐹𝑒𝑔 Ω, 𝑇

I. INTRODUCTION

S

tudy of thermodynamic properties of metals is important
to understand their behaviour at simultaneous high
temperature and high pressure where anharmonicity due to
vibration of lattice ions and thermally excited electrons
becomes important. Such research plays a crucial role in the
description of many physical phenomenon like phase
transition, phase diagram and pressure and thermal ionisation
of ionic cores [1-2].
During literature survey, we found that experimental
studies of thermodynamic properties of materials at extreme
environment are scanty because of the fact that production of
simultaneous high temperature and high pressure is very
difficult [3]. Moreover, theoretical studies of physical
properties of metals using first principles methods are
mathematically complex as these methods are based on some
well defined approximations.
As an alternative tool, pseudopotential method has proved
its applicability in the study of physical properties of metals
because of its conceptual simplicity along with computational
efficiency and transferability to extreme environment [4-6].
Encouraged by such success of pseudopotential method, in
the present study, we have carried out study of binding energy,
lattice constant and bulk modulus of Al at 0K along with its
relative volume thermal expansion as well as isothermal bulk
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(1)

Here, 𝐸𝑐 Ω0 represents cold energy which has been
calculated by using pseudopotential in the framework of
second order perturbation theory [8]. 𝐹𝑖𝑜𝑛 Ω, 𝑇 represents
vibrational free energy due to nuclear vibrations while
𝐹𝑒𝑔 Ω, 𝑇 is contribution due to thermal excitation of electron
gas. Recently Wang and Li [9] have proposed a method to
calculate 𝐹𝑖𝑜𝑛 Ω, 𝑇
using mean field potential (MFP)
approach which has been constructed in terms of cold energy𝐸𝑐 . In MFP approach, in the classical limit (i.e. T > Debye
temperature-θD), a moving ion is supposed to experience the
mean potential produced by nearby atoms which has been
constructed in terms of cold energy as follows.
𝑔 𝑟, Ω =
𝜆

𝑟

2

𝑅0

1
2

𝐸𝑐 𝑅0 + 𝑟 + 𝐸𝑐 𝑅0 − 𝑟 − 2𝐸𝑐 𝑅0

𝐸𝑐 𝑅0 + 𝑟 − 𝐸𝑐 𝑅0 − 𝑟

+
(2)

Here, 𝑟 is deviation of lattice ion from its equilibrium
position, 𝑅0 is the lattice constant corresponding to
equilibrium volume. The parameter 𝜆 is an integer with three
possible values -1, 0 and +1 which correspond to three
different choices of Gruneisen parameters [9]. We have used
constant value of 𝜆 = 1 in the present study because it gives
best results of thermal expansion which is also confirmed in
other studies [4-6].
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Free energy due to thermally excited electrons is calculated
by using by following equation [6, 10-12].
𝐹𝑒𝑔 Ω, 𝑇 = 𝐸𝑒𝑔 Ω, 𝑇 − 𝑇𝑆𝑒𝑔 Ω, 𝑇
Here 𝐸𝑒𝑔 represents the free- electron kinetic, exchange
and correlation energiey, which is already included in cold
energy. 𝑆𝑒𝑔 is the entropy of electron gas.
In the present study, well established local form of the
pseudopotential due to Fiolhais et al. [13-14] with universal
set of parameters and actual valency (Z=3) has been used to
investigate the aforesaid properties.
III. RESULT AND DISCUSSION
Volume variation of binding energy has been shown in Fig. 1.

(having 2.65% variation) which is shown in Table 1. Park et
al.[17] have used five van der Waals density functional (vdWDF) and five dispersion corrected (DFT-D) vdW functional
along with standard DFT functional of local density
approximation (LDA) and generalized gradient approximation
(GGA).The best results of binding energy, lattice constant and
bulk modulus at 0 K are found by park et al. [17] by using
optB88vdW, DFT D2 and DFT D3 respectively which are
also tabulated in Table 1. Superscripts a and b in Table 1
represent values corresponding to DFT-LDA and variational
Monte Carlo (VMC) methods. Computed results of binding
energy, lattice constant and bulk modulus at 0 K are also in
good agreement with other theoretical results.
Computed values of
𝐹𝑖𝑜𝑛 Ω, 𝑇 as a function of
temperature are displayed in Fig. 2. From Fig. 2 it is evident
that 𝐹𝑖𝑜𝑛 Ω, 𝑇 is significant above Debye temperature
(Debye temperature-θD for Al is 428 K [7]). It is due to the
fact that MFP approach is unable to account zero point energy
as it is based on classical approximations. Moreover, due to
increase in temperature, amplitude of oscillation of ions
increases which results in the increase in volume of crystal.

Fig. 1 Cold energy of Al as a function of lattice constant.

Minima of this curve (Fig. 1) gives theoretical results of
binding (Cold) energy (Ec) and lattice constant (R0) at 0K
which are displayed in Table 1 along with experimental and
other theoretical results. Experimental binding energy has
been computed as sum of experimental results of cohesive
energy and ionisation energies of valence electrons [15-16].
Experimental result of cohesive energy has been taken from
park et al. [17] while ionisation energies have been taken from
Ref.[18].

Fig. 2. 𝐹𝑖𝑜𝑛 Ω, 𝑇 of Al as a function of temperature.

Further, we studied of volume variation of 𝐹 Ω, 𝑇 at
different temperatures (see Fig.3). Minima of such curves give
equilibrium volume (Ω) at given temperature (T).

TABLE I
COMPARISON OF BINDING ENERGY, LATTICE CONSTANT AND BULK
MODULUS AT 0K WITH EXPERIMENTAL AND OTHER THEORETICAL RESULTS
Property
-Ec
(Ry/atom)
R0
(a.u.)
B0
(GPa)

Present

Expt.

4.065

4.169

7.769

7.599[17]

81.503

79.4[17]

Others
4.165[17], 4.1794[9], 4.205[19],
4.2294a [20], 4.1574b[20]
7.580[17], 7.63[9], 7.5432[19],
7.56[21], 7.50[22]

81.233[17], 82.4[19],
80.0[21], 79.4[22]

Presently computed results of binding energy and lattice
constant have 2.49% and 2.24 % variations respectively with
experimental results. In the present study, static bulk
modulus- 𝐵0 has been calculated as 𝐵0 = Ω

Fig. 3. 𝐹 Ω, 𝑇 of Al as a function of lattice constant. From top to bottom
graph correspond to temperature 500K, 700K and 900 K respectively.

𝑑 2 𝐸𝑐 (Ω)
𝑑Ω2

Ω=Ω0

[9]. Computed Result of bulk modulus (B0) at 0K is also
found to be in good agreement with experimental result
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From Fig. 3, it seems that minima of these curves shift in
the increasing direction of lattice constant which indicates that

ISBN: 978-93-5288-448-3

4th International Conference on Multidisciplinary Research & Practice (4ICMRP-2017)
volume increases with increase in temperature. Relative
volume thermal expansion (Ω/Ω0) as a function of
temperature is presented in Fig. 4 along with other
experimental and theoretical results. Here Ω0 and Ω are
atomic volumes at 0K and given temperatures respectively.
The presently computed result of relative volume thermal
expansion has maximum 3.00% variation at 900K with
experimental results due to Touloukian et al. [23] Such good
agreement of computed results of relative volume thermal
expansion with experiment reveals that anharmonicity has
been accounted properly in the presently used conjunction
scheme of MFP and local pseudopotential because thermal
expansion arises as a consequence of anharmonicity in the
inter-atomic potential. Theoretical results of relative volume
thermal expansion due to Wang and Li [9] obtained by using
first principle methods are better than present results.
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triangles are due to Tallon and Wolfenden [24] respectively. Broken line
represents first principle results of Wang and Li [9].

Computed results of isothermal bulk modulus are in good
agreement with experimental results. It is observed from Fig.
5 that bulk modulus decreases with increase in temperature.
Such trend is also observed in the experimental [24] and other
theoretical result [9] of 𝐵𝑇 .
IV. CONCLUSIONS
Present study confirms that the conjunction scheme of MFP
and local pseudopotential is capable to describe thermal
vibrations and hence anharmonicity at high temperature. The
local pseudopotential due to Fiolhais et al. [13-14] is found to
be transferable at high temperature because no fitting/refitting
of pseudopotential parameters has been done during
calculation to get good results at high temperatures.
Calculated results can be improved especially at high
temperature by adjusting the parameter λ which appears in
MFP (see Equation 2) as a function of volume and
temperature [25-27].
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