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Abstract— Frequent and prolonged expose of human body to
vibrations can induce back pain, physical disorder and
degeneration of tissue. To estimate forces and frequencies, a
biomechanical model is developed. A four-degree of freedom
discrete mass system is developed using Lagrange’s energy
method. In this paper a three degree of freedom system using
linear motion is developed first then model was coupled with
another angular motion using co-ordinate coupling to develop
four degree of freedom model. Different case studies are
presented for static and dynamic coupling and combination of
both for the same model. Mathematical model for all the cases
was developed for the study of human lower limbs.
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I. INTRODUCTION

Vibration is the motion of a particle or a body or system of
connected bodies displaced from a position of
equilibrium. Most vibrations are undesirable in machines and
structures because they produce increased stresses, energy
losses, causes added wear, increase bearing loads, induced
fatigue, create passenger discomfort in vehicles, and absorb
energy from the system. Rotating machine parts need careful
balancing in order to prevent damage from vibrations.

When people are exposed to vibration in vehicles i.e. cars,
buses, trains and various machinery their performance is
affected causing back pain, fatigue stresses and disorder.
Obviously there is a relationship between human body and
vibration environment, particularly at frequencies near the
principal resonance. There are several reports describing how
vibration interferes with people’s working efficiency, safety
and health. However it is difficult to accurately estimate the
behavior of the human body under vibration because it is
complex dynamic system. However (4-DOF) a model consists
of masses, springs and dampers is developed simulating the
lower limb.

Il. 3-DOF LINEAR VIBRATION MODEL UNDER
CONSIDERATION

Figure-1 simulates lumped mass system of human lower
limbs. In which Mass m; and m, simulate the mass of lower
limbs and mass ms is the upper body mass.Stiffness of lower
limbs are denoted by ki, ks, k3 and k.

Faindt

1
[ 11

RILI 10

AT SIS,

Figure 1 The physical model of a three degree of freedom discrete system

Also dampingcoefficients are depicted by ¢y, C,, €3 and c,.
Considering physical system in to a three degree of freedom
system with three masses m;, m, andmz. m; and m; tied to
ground through spring k; and k, and damper c; and c, similarly
both are connected to mass ms through spring ks and k, and
damper ¢z and c,.

One simple harmonic excitation force is acting on the
centroid of mass ms;. The system is shown in its mean
equilibrium position. Three coordinates x;, X,, and X; are
enough to define the position of system at any instant of time
of the masses my, m, andmj respectively.The system is assumed
to be free in executing oscillations in the vertical direction
only, also clearance between mass and guide is negligible. The
springs and dampers are assumed mass less and deformation of
spring and damper is linear.
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Figure 2 Free body diagram of (a) mass m; (b) mass m; (c) mass m; (d)

moment on mg

The inertia, moment and restoring forces in free body
diagram of all the mass is depicted in the figure 2. Measuring
the displacement, velocity and acceleration quantities positive
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downwards and taking moment CCW positive, in system of
three masses in the equilibrium. By applying energy based
Lagrangian equation to this system,

1 o 1 o 1 )

K.E.:Emlxl +§m2x2 +§m3x3
1 2 1 2 1 2 1 2
P.E.=Ek1x1 +Ek2x2 +§k3(X3_xl) +Ek4(X3_xZ)
1 ., 1 . 1 . L. 1 .
D.E.=EC1X1 +EC2X2 +§C3(x3—x1) +EC4(X3_Xz)

)

After simplifying these equations, Equation of motion can
be written as,

mlxl + (Cl + C3).X:1 + (kl + k3)x1 — C3x:3 - k3X3 =0
mzxz + (Cz + C4)X:2 + (kz + k4)X2 - C4x:3 - k4x3 =0
m3X3 + (3 + €)Xz + (k3 + ky)x3 — c3%; — k3x; — 4%
—kyx; = Fsinwt 2)

I1l. 4-DOF LINEAR AND ANGULAR VIBRATIONS

To predict behavior of human lower limb more precisely 3-
DOF is not enough. So after getting equation of motion for 3-
DOF in previous section, add another angular motion to the
same system as shown in figure 3. Now it is required to have
two coordinates X; and 6 of the massm; to define the position of
system at any instant of time.
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Figure 3 The physical model of a four degree of freedom with linear and
angular co-ordinate coupling
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Figure 4 describes the mechanics of the mass m; with two
variables x; and 6. Here considering force acting at center of
gravity (C.G) G, system can be represented by,

Figure 4 FBD of Mass ms

myxX; + (c; + c3)%; + (kg + k3)xg — 363 —kzx3 =0
myxy 4+ (€y + c4)xy + (ky + ky)xy — Xz —kyx3 =0
mas + (c3 + ca)¥s + (ks + ka)xs + (caly — 3146
+ (kaly — k3l)0 — c3%) — k3x; — ¢4,
—kyx, = Fsinwt
m37fqzé + (caly — c3l)x3 + (kaly — k3ly)xs
+ (esl® + caly?)8 + (esly® + kg1, 2)6
+ c3liXy + k3lixy — culyxy — kylyx,
=0 ©)
Equation (3) represents the equation of motion for given

system with 4-DOF. These equations can be written in matrix
form as below,

[M]{i} + [Cl{a} + [K]{x} = {F(©)} (4)
Where,
my 0 0 0
|0 my, o 0
M=o o my O
0 o 0 my
X
v
{i} = x;}
;
c1+c3 0 —C3 0
_ 0 Cy + Cy —Cy 0
[C] - —C3 —Cy C3 + Cy C4lz - C3l1
c3ly —cyly  cly —c3ly C3l12 + c4l22
X1
N )%
{1} = %3
0
k1 + k3 0 _k3 0
K] = 0 ky + ky —k, 0
T ks —ky ks +ky kyly = k3ly
ksly  —kuly  kyly —ksly ksl + kyly?
X1
_ )X
{x} = X5
0

Equilibrivm
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0
0

F sin wt
0

This equation represents the behavior of the system under
consideration. Where [M], [C] and [K] are mass matrix,
damping coefficient matrix and stiffness matrix of the system
and{x} {x}{x}are the acceleration, velocity and displacement
vector respectively at each joints.

{F(O} =

A. case-1: Dynamic coupling of linear and angular vibration

In previous model it is assumed applied force at C.G. but
now,considering force applied at point C as shown in Figure 5
and it produce pure transmission x.. Eccentricity of force from
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Figure 5 Dynamic Coupling of Coordinates
centroid is taken as e.

Considering 0 is to be very small so equations can be written
from free body diagram shown in figure 5 as,
X3 =x, + el
l3 = ll —e
l4 = lz +e (5)

Substituting Equation (5) in the Equation (3),

myxX; + (¢ + ¢c3)x + (ky + k3)x; — 3%, — 6369 — k3x,

- k3€9 = 0
myxy + (c3 + ¢)Xy + (ky + ky)xy — cuX, — c4e9 — kyx,
—k,e6 =0

msX, + mzed + (c3 + c)X, + [2cse + (culy — c311)10
+ (k3 + ky)x,
+ [2kse + (kyly — k3ly)]0 — c3%;
— k3x1 — c4Xy — kyxy = Fsinwt
myr26 + myex;, + [(caly — c3l3) + (¢4 + c3)elx,
+ [(kaly — k3l3) + (ks + kydelx,
+ [(cq + c3)2€% + (cyly — c314)3e
+(cslh® + eul,?)]6
+ [y + k3)2€% + (kyly — k3ly)3e
+ (ksly® + ky1,)]6 + (L — @)%y
+ k3(lh —e)xy —cu(ly + e)xy — ky(ly
+e)x, =0 (6)
This is the equation of motion for dynamic coupling of
linear and angular vibration for given system.

B. case-2: static and Dynamic coupling of linear and angular
vibration
In previous sessions coordinates are either statically or
dynamically coupled. In this section both static and dynamic
coupling of coordinates is considered. If point of action is to be
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taken at a point shown in Figure 6, then we have both static and
dynamic coupling.

.| Equilibrium
position
e

Lel A 3
Y

e

Figure 6 Dynamic Coupling of Vibration
From Figure 6,
e=ly;
lL=I-1;
Put this value in equation 6 and writing in matrix form,
my 0 0 0 X1

0 my, 0 0 X2
0 0 mz  mzly | )%,
0 o m3li myr2[\ g
_Cl + C3 0 —C3 —C3 ll ] Jél
Ao o +cy TG —c4ly {x’z
—C3 —Cy 3ty (cul —c3ly) |) %,
| 0 —cyl caal %+ e, i\ g
ki+ks O —ks —ksli 7 x
4 O ky +ky  —ky —kyly ] e,
—ks —ky kgt ks  (kal—k3ly) | )%,
[ 0 —k4l kyl  kyly % 4 kg1l N0
0
_) o
F sin wt
0 ()

Equation 7 is the equation of motion in case of combination
of static and dynamic coupling of coordinates.

CONCLUSION

The vibration analysis was carried out to study the
behaviour of the human lower limb under different conditions.
Hense in this paper, firstly three degree of freedom sysem was
developed for human lower limbs. Then by adding one angular
motion at the combined mass, four degree of freedom model
was developed. To reach to the actual condition statically
coupled, dynamically coupled and combinly coupled
cordinates of four degree of freedom system was analysed. A
equation of motion for the model under consideration was
developed for further analysis.

Further, developed equation will be use to find out the
natural frequency of the system using state space analysis at
each mass location. Which will help in predicting the
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behaviour of the human lower limb for development of diffent
applications. This study may be further extended for more no
of degree of freedom syatem. In future results obtained by this
analysis may be validated through the experements.
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