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Abstract— Frequent and prolonged expose of human body to 

vibrations can induce back pain, physical disorder and 

degeneration of tissue. To estimate forces and frequencies, a 

biomechanical model is developed. A four-degree of freedom 

discrete mass system is developed using Lagrange’s energy 

method. In this paper a three degree of freedom system using 

linear motion is developed first then model was coupled with 

another angular motion using co-ordinate coupling to develop 

four degree of freedom model. Different case studies are 

presented for static and dynamic coupling and combination of 

both for the same model. Mathematical model for all the cases 

was developed for the study of human lower limbs. 
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I.  INTRODUCTION 

ibration is the motion of a particle or a body or system of 

connected bodies displaced from a position of 

equilibrium. Most vibrations are undesirable in machines and 

structures because they produce increased stresses, energy 

losses, causes added wear, increase bearing loads, induced 

fatigue, create passenger discomfort in vehicles, and absorb 

energy from the system. Rotating machine parts need careful 

balancing in order to prevent damage from vibrations. 

When people are exposed to vibration in vehicles i.e. cars, 
buses, trains and various machinery their performance is 
affected causing back pain, fatigue stresses and disorder. 
Obviously there is a relationship between human body and 
vibration environment, particularly at frequencies near the 
principal resonance. There are several reports describing how 
vibration interferes with people’s working efficiency, safety 
and health. However it is difficult to accurately estimate the 
behavior of the human body under vibration because it is 
complex dynamic system. However (4-DOF) a model consists 
of masses, springs and dampers is developed simulating the 
lower limb. 

 

II. 3-DOF LINEAR VIBRATION MODEL UNDER 

CONSIDERATION 

Figure-1 simulates lumped mass system of human lower 
limbs. In which Mass m1 and m2 simulate the mass of lower 
limbs and mass m3 is the upper body mass.Stiffness of lower 
limbs are denoted by k1, k2, k3 and k4.  

 
Figure 1 The physical model of a three degree of freedom discrete system 

Also dampingcoefficients are depicted by c1, c2, c3 and c4. 
Considering physical system in to a three degree of freedom 
system with three masses m1, m2 andm3. m1 and m2 tied to 
ground through spring k1 and k2 and damper c1 and c2 similarly 
both are connected to mass m3 through spring k3 and k4 and 
damper c3 and c4. 

One simple harmonic excitation force is acting on the 
centroid of mass m3. The system is shown in its mean 
equilibrium position. Three coordinates x1, x2, and x3 are 
enough to define the position of system at any instant of time 
of the masses m1, m2 andm3 respectively.The system is assumed 
to be free in executing oscillations in the vertical direction 
only, also clearance between mass and guide is negligible. The 
springs and dampers are assumed mass less and deformation of 
spring and damper is linear. 

V 
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The inertia, moment and restoring forces in free body 
diagram of all the mass is depicted in the figure 2. Measuring 
the displacement, velocity and acceleration quantities positive 

downwards and taking moment CCW positive, in system of 
three masses in the equilibrium. By applying energy based 
Lagrangian equation to this system, 
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 After simplifying these equations, Equation of motion can 
be written as, 

𝑚1𝑥1 +  𝑐1 + 𝑐3 𝑥1 + (𝑘1 + 𝑘3)𝑥1 − 𝑐3𝑥3 − 𝑘3𝑥3 = 0 

𝑚2𝑥2 +  𝑐2 + 𝑐4 𝑥2 + (𝑘2 + 𝑘4)𝑥2 − 𝑐4𝑥3 − 𝑘4𝑥3 = 0 

𝑚3𝑥3 +  𝑐3 + 𝑐4 𝑥3 +  𝑘3 + 𝑘4 𝑥3 − 𝑐3𝑥 1 − 𝑘3𝑥1 − 𝑐4𝑥 2
− 𝑘4𝑥2 = 𝐹 sin𝜔𝑡 (2) 

III. 4-DOF LINEAR AND ANGULAR VIBRATIONS 

 To predict behavior of human lower limb more precisely 3-
DOF is not enough. So after getting equation of motion for 3-
DOF in previous section, add another angular motion to the 
same system as shown in figure 3. Now it is required to have 
two coordinates x3 and θ of the massm3 to define the position of 
system at any instant of time. 

 

Figure 3 The physical model of a four degree of freedom with linear and 

angular co-ordinate coupling 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 

 

 

 

 

Figure 2 Free body diagram of (a) mass m1 (b) mass m2 (c) mass m3 (d) 

moment on m3 



International Conference on Multidisciplinary Research & Practice                                                                   P a g e  | 576 

 

Volume I Issue VIII                                                                    IJRSI                                                                  ISSN 2321-2705 
 

 

Figure 4 FBD of Mass m3 
 

Figure 4 describes the mechanics of the mass m3 with two 
variables x3 and θ. Here considering force acting at center of 
gravity (C.G) G, system can be represented by, 

𝑚1𝑥1 +  𝑐1 + 𝑐3 𝑥1 + (𝑘1 + 𝑘3)𝑥1 − 𝑐3𝑥3 − 𝑘3𝑥3 = 0 

𝑚2𝑥2 +  𝑐2 + 𝑐4 𝑥2 + (𝑘2 + 𝑘4)𝑥2 − 𝑐4𝑥3 − 𝑘4𝑥3 = 0 

𝑚3𝑥3 +  𝑐3 + 𝑐4 𝑥3 +  𝑘3 + 𝑘4 𝑥3 +  𝑐4𝑙2 − 𝑐3𝑙1 𝜃 

+  𝑘4𝑙2 − 𝑘3𝑙1 𝜃 − 𝑐3𝑥 1 − 𝑘3𝑥1 − 𝑐4𝑥 2
− 𝑘4𝑥2 = 𝐹 sin𝜔𝑡 

𝑚3𝑟𝑔
2𝜃 +  𝑐4𝑙2 − 𝑐3𝑙1 𝑥 3 +  𝑘4𝑙2 − 𝑘3𝑙1 𝑥3

+  𝑐3𝑙1
2 + 𝑐4𝑙2

2 𝜃 + (𝑘3𝑙1
2 + 𝑘4𝑙2

2)𝜃

+ 𝑐3𝑙1𝑥 1 + 𝑘3𝑙1𝑥1 − 𝑐4𝑙2𝑥 2 − 𝑘4𝑙2𝑥2

= 0 (3) 

Equation (3) represents the equation of motion for given 
system with 4-DOF. These equations can be written in matrix 
form as below, 

 𝑀  𝑥  +  𝐶  𝑥  +  𝐾  𝑥 =  𝐹 𝑡    (4) 
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This equation represents the behavior of the system under 
consideration. Where [M], [C] and [K] are mass matrix, 
damping coefficient matrix and stiffness matrix of the system 
and 𝑥  , 𝑥   𝑥 are the acceleration, velocity and displacement 
vector respectively at each joints. 

A. case-1: Dynamic coupling of linear and angular vibration 

In previous model it is assumed applied force at C.G. but 
now,considering force applied at point C as shown in Figure 5 
and it produce pure transmission xc. Eccentricity of force from 

centroid is taken as e. 

Considering θ is to be very small so equations can be written 
from free body diagram shown in figure 5 as, 

𝑥3 = 𝑥𝑐 + 𝑒𝜃 

𝑙3 = 𝑙1 − 𝑒 

𝑙4 = 𝑙2 + 𝑒  (5) 

 Substituting Equation (5) in the Equation (3), 

𝑚1𝑥1 +  𝑐1 + 𝑐3 𝑥1 +  𝑘1 + 𝑘3 𝑥1 − 𝑐3𝑥𝑐 − 𝑐3𝑒𝜃 − 𝑘3𝑥𝑐
− 𝑘3𝑒𝜃 = 0 

𝑚2𝑥2 +  𝑐2 + 𝑐4 𝑥2 +  𝑘2 + 𝑘4 𝑥2 − 𝑐4𝑥𝑐 − 𝑐4𝑒𝜃 − 𝑘4𝑥𝑐
− 𝑘4𝑒𝜃 = 0 

𝑚3𝑥𝑐 + 𝑚3𝑒𝜃 +  𝑐3 + 𝑐4 𝑥𝑐 +  2𝑐4𝑒 + (𝑐4𝑙2 − 𝑐3𝑙1) 𝜃 

+ (𝑘3 + 𝑘4)𝑥𝑐
+  2𝑘4𝑒 + (𝑘4𝑙2 − 𝑘3𝑙1) 𝜃 − 𝑐3𝑥 1
− 𝑘3𝑥1 − 𝑐4𝑥 2 − 𝑘4𝑥2 = 𝐹 sin𝜔𝑡 

𝑚3𝑟𝑐
2𝜃 + 𝑚3𝑒𝑥𝑐 +  (𝑐4𝑙2 − 𝑐3𝑙3) + (𝑐4 + 𝑐3)𝑒 𝑥𝑐 

+   𝑘4𝑙2 − 𝑘3𝑙3 +  𝑘3 + 𝑘4 𝑒 𝑥𝑐
+   𝑐4 + 𝑐3 2𝑒

2 +  𝑐4𝑙2 − 𝑐3𝑙1 3𝑒

+ (𝑐3𝑙1
2 + 𝑐4𝑙2

2) 𝜃 

+   𝑘4 + 𝑘3 2𝑒
2 +  𝑘4𝑙2 − 𝑘3𝑙1 3𝑒

+ (𝑘3𝑙1
2 + 𝑘4𝑙2

2) 𝜃 + 𝑐3(𝑙1 − 𝑒)𝑥 1
+ 𝑘3(𝑙1 − 𝑒)𝑥1 − 𝑐4(𝑙2 + 𝑒)𝑥 2 − 𝑘4(𝑙2
+ 𝑒)𝑥2 = 0 (6) 

This is the equation of motion for dynamic coupling of 
linear and angular vibration for given system. 

B. case-2: static and Dynamic coupling of linear and angular 

vibration 

In previous sessions coordinates are either statically or 
dynamically coupled. In this section both static and dynamic 
coupling of coordinates is considered. If point of action is to be 

 
 

 
Figure 5 Dynamic Coupling of Coordinates 
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taken at a point shown in Figure 6, then we have both static and 
dynamic coupling. 

 
Figure 6 Dynamic Coupling of Vibration 

From Figure 6, 
e=l1; 

l2=l-l1 

Put this value in equation 6 and writing in matrix form, 
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𝐹 sin𝜔𝑡
0

  

(7) 

Equation 7 is the equation of motion in case of combination 
of static and dynamic coupling of coordinates. 

CONCLUSION 

The vibration analysis was carried out to study the 
behaviour of the human lower limb under different conditions. 
Hense in this paper, firstly three degree of freedom sysem was 
developed for human lower limbs. Then by adding one angular 
motion at the combined mass, four degree of freedom model 
was developed. To reach to the actual condition statically 
coupled, dynamically coupled and combinly coupled 
cordinates of four degree of freedom system was analysed. A 
equation of motion for the model under consideration was 
developed for further analysis. 

Further, developed equation will be use to find out the 
natural frequency of the system using state space analysis at 
each mass location. Which will help in predicting the 

behaviour of the human lower limb for development of diffent 
applications. This study may be further extended for more no 
of degree of freedom syatem. In future results obtained by this 
analysis may be  validated through the experements. 
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