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Abstract--- A general equation for the evaluation of natural
frequencies of axial vibrations of a bar which has two distinct
portions i) with constant area of cross-section and ii) with
exponential variation. This type of profile is used in machine
components which include heat transfer applications such as fins
and horns used for ultrasonic machining. The pillars of flyover
bridges are also another potential application in civil engineering.
The effect of the ratio of length parameter ‘r’ and exponential
profile parameter ‘B’ on natural frequencies have been analyzed
and presented graphically.
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I. INTRODUCTION

pplications of bars with varying cross-section are

common in many industrial applications. Common
profiles used are cylindrical, conical, concave parabolic and
convex parabolic. The fins which are extended surfaces to
enhance the rate of heat transfer from the wall to an ambient
medium through convective mode of heat transfer are
effectively used in industrial equipment. These fins are of
different profiles. The fins are subjected to wall excitation due
to fluctuations of flow of fluid within the equipment may cause
axial vibrations. Hence it is necessary to know the natural
frequencies of spine fin configuration in order to avoid the
undesirable effects of resonance. Results obtained by Lubkin
and Luke [1] are applicable to rods having parabolic profile.
Md. Amir Ali et.al. [2] have studied axial vibration analysis
with conical profile. The efficiency of ultrasonic machining
[USM] varies with the displacement amplitude of working face
of the tool. The amplitude of vibration is increased by means
of focusing element called “concentrator” or “horn”. One end
of the horn is fixed to the vibration generator (usually the
bigger end) and tool is attached to the smaller end. The
analysis of the USM horns with different profiles in respect of
longitudinal vibrations are helpful in USM machining studies

(3], [41

Transverse vibrations of beams with linearly varying
section was presented by Ward [5]. Exact solution for conical
beams was studied by Conway [6] and obtained solution in
terms of Bessel Functions. Bapat [7] obtained solutions for
free longitudinal vibration of exponential and catenoidal bars.
Exact solution for longitudinal natural frequencies of a
variable cross-section rod with polynomial variation in cross
sectional area and mass distribution along the member using
exact element method was given by Eisenberger [8]. Kumar
and Sujith [9] reported exact solutions for longitudinal
vibration rods of non uniform cross section. Li [10] has
presented exact solutions for longitudinal vibration of
multistepped bars with cross section in terms of area.

In present work, longitudinal vibration of a fixed -
free slender rod of variable cross-section is investigated. The
model chosen is a slender rod of partly uniform and partly of
variable cross-section. The effect of the ratio of length of the
uniform portion to the length of the exponentially varying area
‘r’on the natural frequency has been theoretically analyzed.
The exponential profile parameter ‘B’ is varied and
significance of this parameter on natural frequencies has been
studied to keep the operating conditions of the equipment away
from the resonance condition. Results presented in this
investigation can be usefully applied for transducers where the
exponential area variation in combination with a uniform
portion exists.

Il. ANALYSIS

Confisuration Diasram
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Bar shown in configuration diagram consists of a uniform portion of length L; and varying cross sectional area with exponential

variation of length L,
(i) Uniform cross sectional area A, for bar of length L;: 0 <x <L,
The equation of motion Eqg. (3) reduces to

V' + o’ (E)v -0 (@)
Where primes denote differentiation with respect to x
- p
Defining n =, \/g
Eq.(4) now becomes V" +1°v =0 ®)
The solution to the above equation is
v = B; Sinnx + B; Cos nx (6)
Where B, and B, are constants of integration
(if) Exponential variation of area for bar of length L,: L;< x < (L;y+Ly)
(x-L)
—,BLiLl
AX) =Aqe 2 (7
B is a parameter to be determined depending on the profile
(X_Ll)
dA¥) _ —BA, PL
= e 2 8
dx L,
dA(¥) -
99 _ P Ay ®
dx L,
The equation of motion for the portion of the bar from Eq. (3) is
v”—ﬂv’+n2v=0 (10)
2
+d (X_Ll)
Defining v=Ce - (1)
The Eq.(10) transforms to
d’ P, d 2
7~ () +n° =0 42
(L) Ly L,
d*~Bd+n’LS =0 (13)
where d can be obtained in terms of f,m, L,
L 2
d =P vitz a2 B (14)
2 2 L5
L 2
d, =P itz a2 P (15)
2 2 L2
The solution for varying cross section part of the bar is
poh) ox—L,) cx—L,)
v=e % | C,Cos=—21+C,Sin =——12 (16)
L, L,
L2 2
Where ¢% = —2| 4n® —B—z 17
4 L5
The solutions for the bar are expressed as
(i) Uniform portion: 0 <x <L,
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v = B; Sinnx + B, Cos nx (18)
(i) Exponentially varying area: L; < x < (L+ Ly)

B(X_L1)
v=e %o ClcosM +C,Sin ex=Ly) (19)

L, L,

av ot p c(x-L,) cx-Ly)| ¢ c(x-L,) cx-L,)
—=e¢ % 2| CCos L +C,5in——=2 [+ | -CSin L +C,Cos~— (20)
dx 2L, L, 2 2 L, 2

The Constants B1, B2, C1 and C2 are determined as given below.
a) Atx=0,v=0, From Eq.(18), B2=0

v =BI1Sin(nx) (21)
dv

Fvi nB,Cos(nx) (22)
b) i) Atx=L1, v should be equal at the interface between both portions of the bar. From Egs.(19) and (21)

B1Sin(n L1)=ClI (23)

dv
ii) Atx=L1, strain d— should also be equal at the interface. From Egs. (20) and (22)
X

C
NBLCOS(nLy) = Cy (5 )+ Ca 2
Substituting for B1 from Eq. (23)
Cos(nL,) p c

Cin———|=C,(—)+C,(— 25

{n Sl |~ GG CD) @)

. C .
Cl{nCOS(n L,)—- LSln M Ll)} =C,(—)Sin(nL,) (26)
_adv

c) At x = (L1+L2) strain ix = 0. From Eq. (20)
B [C,Cos(c) + C,Sin (c)]+ N [- C,Sin(c) + C,Cos(c)]=0 @7)
2L, L,
C B Cos(c) — iSin (c)|+C LSin (c)+ £ Cos(c) [=0 (28)

' 2L, L, 2l 2L, L,
Substituting for C1 from Eqg. (26)
Ly B Ly _B g B sine+ L _ 29
» Sin (nLl){ZL2 Cos(c) » Sin (c)}{nCos(nLl) 2L, Sln(nLl)}LL2 Sin(c) + » Cos(c)} 0 (29)
Simplifying the above Eq. (29) we get

2
nL,Cos(n Ll){g Sin(c) + cCos(c)} - (cz + BTJSin (mL;)Sin(c)=0 (30)
L2 BZ
et ="2lan? -
4 { A }
2
¢y
2

(cz + BTJ =n°L3 (31)
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2 2 22
(4c? +p?)= 4213

Jac? +p? =2nL, (32)

[BTan(c) + 2c]-2nL,Tan(nL,)Tan(c) =0 (33)

/ 2 2
[BTan(c) + 2c]-/4c® + B2 Tan %(%J Tan(c) =0 (34)
2
Defining & = w/i4cz +p? ) and = (%)

2
The frequency equation is

[BTan(c) + 2c]- S{Tan(%ﬂTan(c) =0 (35)

Let P=f Tan (c) +2c

Q= S{Tan(%ﬂTan(c)

Frequency equation can be written in a simplified form as,

P-Q=0 (36)
The roots of the equation will give eigenvalues (c).

If L;=0,thenr=0 and the frequency equation (35) reduces to

. 2¢C
P=0 e, Tan(c)=— F (37)
which is verified with the available literature [10].

I11. RESULTS & DISCUSSIONS
portion L, defined as ‘r’ ii) profile parameter ‘B’ expressing
the variation of area.

The roots of equation (35) have been obtained by
using EXCEL program for first five modes, varying ‘B’ and
‘r’. Results thus obtained have been presented graphically

The roots of the frequency equation (35) yield the
eigenvalues for the longitudinal vibration of the bar with
varying cross section. There are two parameters which are
explicit from the frequency equation i) ratio of length of
uniform portion L, to the length of exponentially varying

Table 1 Eigen values for model 4
Bl [ r=0.0 [ r=0.25 | r=050 | r=0.75 | r=10 ,3 ] . M
1 | 1.8366 | 1.4762 | 1.1917 | 2.6981 | 2.3899 cy | EEE;; i r=0.50
2 | 2.0288 | 1.5964 | 1.1716 | 2.6815 | 2.3938 1] s
3 | 2.1746 | 1.6423 | 0.9489 | 2.6541 | 2.3755 o | FRETMODE : :
4 22889 | 1.6164 | 2.9765 | 2.6233 | 2.3309 f ! 2P d 4 2

Fig. 1 Variation of Eigen values
Table 2 Eigen values for mode2 2 N N N —e—r=0.0
7 :———3——_*—_' —m— =0,

BL| r=0.0 | r=0.25 | r=0.50 | r=0.75 | r=1.0 o — e
1 | 48158 | 3.7969 | 5.2764 | 4.535 | 3.9398 &3] o
2 | 49132 | 3.8018 |5.3037 | 45537 | 3.911 I
3 | 5.0036 | 3.7815 | 5.3195 | 4.5415 | 3.8361 T,
4 | 5087 | 37345 | 53251 | 4.4938 | 3.7117 P

Fig. 2 Variation of Eigen values
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Table 3 Eigen values for mode3

Bl r=0.0 r=0.25 | r=0.50 | r=0.75 r=1.0
1 7.9171 | 8.8098 | 7.3581 | 6.2747 5.5106
2 7.9787 | 8.8187 | 7.3721 | 6.2495 5.5057
3 8.0385 | 8.8238 | 7.3711 | 6.2087 5.4859
4 | 8.0962 | 8.8258 | 7.3535 | 6.1545 | 5.4531

Table 4 Eigen values for mode4

Bl r=0.0 r=0.25 r=0.5 r=0.75 | r=1.0
1 | 11.0408 | 11.3394 | 11.5374 | 8.1055 | 7.0765
2 | 11.0855 | 11.3648 | 11.5492 8.12 7.0636
3 | 11.1295 | 11.3859 | 11.5549 | 8.1223 | 7.0283
4 | 11.1727 | 11.4031 | 11.5549 | 8.1121 | 6.969

Table 5 Eigen values for mode5

Bl r=0.0 r=0.25 r=0.5 r=0.75 | r=1.0
1 | 14.1724 | 13.8473 | 13.6287 | 9.8732 | 8.6472
2 | 14.2074 | 13.8677 | 13.637 | 9.8608 | 8.6427
3 | 14.2421 | 13.884 | 13.6382 | 9.8357 | 8.6269
4 | 14.2764 | 13.8961 | 13.6318 | 9.7977 | 8.6011

Table 6 Eigen values forr=0

Bl | Model | Mode2 | Mode3 | Mode4 | Mode5
1 | 1.8366 | 4.8158 | 7.9171 | 11.0408 | 14.1724
2 | 2.0288 | 4.9132 | 7.9787 | 11.0855 | 14.2074
3 | 2.1746 | 5.0036 | 8.0385 | 11.1295 | 14.2421
4 | 22889 | 5.087 | 8.0962 | 11.1727 | 14.2764

Table 7 Eigen values for r = 0.25

Bl | Model | Mode2 | Mode3 | Mode4 | Mode 5
1 | 14762 | 3.7969 | 8.8098 | 11.3394 | 13.8473
2 | 1.5964 | 3.8018 | 8.8187 | 11.3648 | 13.8677
3 | 1.6423 | 3.7815 | 8.8238 | 11.3859 | 13.884
4 | 1.6164 | 3.7345 | 8.8258 | 11.4031 | 13.8961

Table 8 Eigen values for r = 0.50

Bl | Model | Mode2 | Mode3 | Mode4 | Mode5
1 | 1.1917 | 5.2764 | 7.3581 | 11.5374 | 13.6287
2 | 1.1716 | 5.3037 | 7.3721 | 11.5492 | 13.637
3 | 0.9489 | 5.3195 | 7.3711 | 11.5549 | 13.6382
4 | 29765 | 5.3251 | 7.3535 | 11.5549 | 13.6318
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Fig. 3 Variation of Eigen values
12
A e—r=00
104 —=—r=025
" 81 —&—r=05
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0 ; ; ; ;
i} 1 2 B—3 4
Fig. 4 Variation of Eigen values
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12 4 —=—r=025
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Fig. 5 Variation of Eigen values
16
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Fig. 6 Variation of Eigen values
16
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Fig. 7 Variation of Eigen values
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Fig. 8 Variation of Eigen values
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Table 9 Eigen values for r =0.75 16 - e — e
B | Model | Mode2 | Mode3 | Mode4 | Mode5 2] T = o2
1 [2.6981 | 4.535 | 6.2747 | 8.1055 | 9.8732 e N — o Moded
2 | 2.6815 | 45537 | 6.2495 | 8.12 | 9.8608 4 = z z -
3 | 2.6541 | 4.5415 | 6.2087 | 8.1223 | 9.8357 0 , , ,
4 | 26233 | 4.4938 | 6.1545 | 8.1121 | 9.7977 D 1 2 B 3 4 5

Fig. 9 Variation of Eigen values

Table 10 Eigen values for r=1.0 16
Bl | Model | Mode2 | Mode3 | Mode4 | Mode5 12 10 o
1 | 2.3899 | 3.9398 | 5.5106 | 7.0765 | 8.6472 "5 : : A Moded
2 | 2.3938 | 3.911 | 5.5057 | 7.0636 | 8.6427 4 A E— — —— Modes
3 | 2.3755 | 3.8361 | 5.4859 | 7.0283 | 8.6269 0 : - - :
4 | 2.3309 | 3.7117 | 54531 | 6.969 | 8.6011 v ol S

from figure 1 to 10 and tabulated from table 1 to 10 by
calculating the value of ‘c’ up to fourth decimal place shown in
tables.

Figures 1 to 5 show the variation of ‘¢’ with
increasing value of ‘B’ for various values of ‘r’. Distinct effect
of parameter r = 0.5 can be seen in first mode and has the
highest eigenvalue when B = 4. Eigenvalues are closely
clustered for r = 0, 0.25 and 0.5 for fourth and fifth modes. For
third mode the values of ‘c’ are approximately same for all ‘B’
values at a parameter value of ‘r’.

The variation of eigenvalues (c) is graphically shown
in figures 6 to 10 for different modes at a particular value of
‘r’. All figures indicate similar variation of ‘c’ for all values of
‘r’ at different modes, except for the first mode when r = 0.5.

IV. CONCLUSIONS

Parameters ‘B’ and ‘r’ have significant effect on the
eigenvalues of axial vibrations of varying cross section bar.
The effect of increasing ‘r’ decreases the eigenvalues for
different modes (Figs.6 t010). When r = 0.5 the variation of
eigenvalue is steep for the value of ‘B’ between 3 and 4

(Fig.8).

From fourth mode to fifth mode, it is observed that
the eigenvalues are very close for r = 0.0, 0.25 and 0.5 as
evident from figures 4 and 5.

Changing the ratio of lengths ’r’ and profile
parameter ‘B’ will contribute to the resulting changes in
stiffness and mass of the bar. These changes in stiffness and
mass do affect the eigenvalues.
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