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Abstract-1n the present paper, a new applied algorithm based a
new composite radial basis designed to solve binary alloy
problem. The collocation mesh-free based the suggested radial
basis function is used as a mathematical tool for the solution
procedure. The advantage of such new radial basis function is
that it can overcome the singularity in the diagonal matrix of
the stiffness matrix resulted due to collocation procedure. The
inverse matrix inversion is also used to solve two systems of
linear equations at any two successive time steps. Two different
examples are solved and some of the computed results are
compared with the available analytical results. The computed
results gave a promise to solve higher dimensional problems
and can be extended to cover ternary alloys.
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I. INTRODUCTION

Heat treatment of metals is often necessary to optimize
their mechanical properties both for further processing
and final use during the heat treatment the metallurgical
state of the alloy changes [1-2]. This change can either
involve the phases being present or the morphology of the
various phases [3]. Aluminum alloys usually contain
precipitates and in-homogeneities, these in-homogeneities
can be removed with a thermal treatment, during which the
precipitates dissolve. Although precipitate dissolution is not
the only metallurgical process-taking place during
homogenization, it is often the most critical of the processes
occurring. Precipitates dissolution can be modeled as one,
two or three moving boundary problem. Till now, there are
neither general models for micro structural changes nor
general models for the kinetics of these changes [4-5].
Models describing the process as a moving boundary
problem is also, referred to as Stefan problems [6]. In recent
years, the simpler models covering binary and ternary alloys
have been extended to cover multi-component particles [7].
Due to the complex nature of the moving boundary
problems very few analytical solutions are available and
limited to infinite or semi-infinite domain problems.
Existence and uniqueness of analytical solutions had been
proved by Evan and Douglas, respectively in [8-9]. For long
time researchers recognized problems such as, labor
intensive, time-consuming and error-prone task when using
a mesh-based method such as finite element method [10].

One way for their efforts to overcome these problems was
the automatic mesh generation, the second way to overcome
such problems was developing the mesh-less methods.
Mesh-less methods for solving boundary value problems
have been extensively popularized owing to their flexibility
in engineering applications, especially for problems with
discontinuities and because of high accuracy of the
computed results [11]. Mesh-free methods do not require a
mesh to discretize the domain of the problem under
consideration, and the approximate solution is constructed
entirely based on a set of scattered nodes.

Il. MATHEMATICAL FORMULATION

Consider a domain o = [o, (] that is composed by a particle

whose domain is denoted by o [o, s(t)) and diffusive

part =

phase o y; ph:(s(t),é]. We consider the concentration

c(x,t) of certain material withina = o, U o - Assume

pari
the concentration of the particle is constant and denoted by

¢part- The configuration of the problem is shown in figure

().

Particle phase

0 an (1)
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x = s\t

Figure 1: Problem configuration

Diffusive phase o ph (t)

The state equations with the associated boundary and initial
conditions are as follow:

c(x,t) = Cpart X € Qpart = [O, s(t)), t>0

1)

ac(x,t) _ E(D ac(x’t)), X < Qgit pn = (s(t),f], t>0
at o ox

(2)

It is assumed in the model that there is no concentration
transport, i.e.,
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ac(x, t)
OX
3)

Assume also a piecewise initial concentration of the form:

=0,xedQ2, 0Q=0 or ¢, t=>0

Cpart 0<x< &)
c(x,t) =9 Ceol X =5 4)
cg Sg < X</

Last condition represents the mass balance of atoms
transferred to the diffusive phase:

e 609 e)- 00 0

I1l. THE PROPOSED METHOD

Consider a three-dimensional heat transfer problem defined
as:

“@va@o

(6)

With

§1c(><,t)+ §2Vc/(x,t) = f(x,t) X € 0Q
()

() = oo (1)

(8)

Starting with implicit e -weighted scheme, therefore
equation (6) will be:

(x t+At) (X t) (®v C(X HAt) (1 @)v c(x t))

At
9
(Rg-arrange and simplify, leads to:
(1+ aV2)0n+l = (1+ ﬂVz)cn
(10)
Where
a= —k@(At) (11)
5 i-0)x)

(12)
Assume that the potential can be approximated as follows:

u(x) = Elij [*?4"11 (rij )* (- *‘)‘/’21 (rij )]

(13)
In Equation (13) the radial basis function can be used in the
computation as follows:

( ) (plj(rij) g=1 for i=j, k=1
2j \ij

=0 for i#j, k=2

X,Y,Z € 0Q

(14)
In equation (13):
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21 (rij ): Cubic = rij3
(15)

2m
22 rij =TP = rij Iog(rij )
(16)
The linear operatorfc can be approximated as follows:

é( ( )) Z ({ [g‘/’l(u) (1 g)q’Z(IJ)]}

(17)

By making use the concept of equation (17), equation (10),
takes the form:

g A Tl(lJraszg‘”lj (’ij )*(1*5)0721 (’ij )]

j=1

- El’l r;(“ ﬁvz)[g 1] (rii )+ (8 8)‘/’21 (rij )]
(19)

Let for simplicity:

‘P(rij ) = [g 1 (rij )* (1 - €)<sz ('ij )]
(20)
By making use of equation (20) into equation (19), the later
will take the following simplified form:
N nal N n
jzll i (1+ aV2 )P(rij ) = jzli i (1+ ﬁVz )l/(rij )
(21)
By making use of equation (20) into equation (3), leads to:

> 2 oy (12105, )]
jzl/l J Batjj + (l—g)r” 1+2logr; J] =0

(22)
By making use of equation (20) into equation (5), leads to:

D 090
Diiwﬁ+gﬁhgummﬂxﬂ@ﬂ>o

J
(23)
In equation (23), let us approximate the velocity of the
moving boundary using forward approximation as follows:
ds(t) sm—l - sn

dt At
(24)
By making use of equation (24) into equation (23), then the
later will take the following form:

1 DAt N n
sln+ :sn+ > A 3gr +(1 g)ll 1+2IogrIJ
ic -c ij:l i
part sol
(25)

It is emphasized to take the simplification that will occur in
both equations (22) and (25) when dealing with these
equations. According to the suggested radial basis function,
the control parameter automatically will be zero at the
extreme points of the domain therefore equations (22) and
(25) will take the following forms, respectively:
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>l ooy )]
jzll j rj L+ 2logr; J| =0

(26)
n+1 n DAt N n[
s =s + P rij(1+2Iogrij )]
(Cpart_csol)J= !
(27)

IV. SOLUTION PROCEDURE

Let us start dealing with equation (21) and taking the
following simplifications into consideration, as follows:

“’1(fij )= (“ “Vz)y(rij)
¥2 (rij ): (“ﬂvz)\”(rij)

(28)

Now then, equation (21) with the help of equation (28), will
take the following new form:

g " ( ) g ; ( )
A W\ ) = A Wy \li:
R Y A R R

(29)
Equation (29) in a matrix form will be:

r . n+l
k1 (er) R (r12 ) -------- ks (rl, N ) Ay
kel (er) kel (rzz) ------- # (rZ,N ) A9
sl (r31) ¥y (rsz) ------- k11 (rS,N) A3

| ¥2 (rN ,1) Vo (‘N,z)---‘yz (rN,N )_ [ #11]

(30)

Equation (30) is the key note of starting solution procedure,
i.e., at the starting time, we will start solution by dealing
with the right hand side of it, this can be done as follows:

[ v, (’21) ¥ (’12)--------‘1’2 (’1,N ) [ 4, 1T _c(xl) ]
¥ (r21) ¥ (r22)~--~---‘*’2 (rZ,N ) A2 C(Xz)
¥ (r31) ¥ (r32 SRR (r?.,N ) 43 C(Xs)

| V2 (rN ,1) ¥ (rN 2 )---‘1’2 (rN N ) L2411 _C(XN )_
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The system given by equation (31) in a compact form:

¥, (rij )‘n = C(X)

(32)

The solution of the system given by equation (32) using
matrix inversion method will be as follows:

7= "’zl(rij )C(X)

(33)

The successive time steps solutions come from the fact that
the right hand side of the system (30) becomes known at the
time level N. Now equate the left hand side of the same
system by known vectors, then the system takes the
following new form:

v (rij ),1”+1 =B

(34)

Again using matrix inversion method, we can get the
solution of the system given by equation (34):

n+1 —1( )
A =¥ rij B

(35)
Now we can summarize the computation procedure in the
following flow chart shown in figure (2).

V. NUMERICAL RESULTS

Two different test problems are solved, the numerical data
for both are given in the following table (1) [12]:

Test problem (1)

The movement of the moving boundary is compared with
the similarity solution as shown in figure (3), as it is appear
the present solution is very close to the analytical similarity
solution. In the beginning of the time and up to time nearly
equal 0.3 an agreement between the two solutions with
some errors can be neglected, after that the error increases
but still within the acceptable behavior.

0.50

o
N
a

Position of the moving boundary

Figure 3: Location of the moving boundary-Example (1)

The concentration is computed at three different times, 0.01,
0.03, and 0.05 against space variable x, as shown in figures
(4-6) and compared with previous numerical results. As it is
clear the concentration in the particle domain is always
constant and equals to the boundary condition 0.53. On the
other side the concentration in the diffusive phase starts at
the point very close to the moving boundary at the time of
computations. Therefore, the starting point of these three
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curves is different from case to another due to the position
of the moving boundary at these times.

0.90 -
0.80 |-
0.70 |-

0.60 -
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o
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0.10 - _ _

0.00 L L L L L L L L
0.00 010 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
x-axis

Figure 4: Concentration at time 0.01
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Figure (5): Concentration at time 0.03
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Figure (6): Concentration at time 0.05

The behavior of the concentration versus time at three
different points inside the domain, 0.25, 0.35, and 0.45 is
also computed and the results are shown in figures (7-9),
respectively.

0.60

o

w

o
T

[ at x = 0.25 & 5(0.04)=0.25)

Concentration

°
N
<]
T

0.10 9o |

0.00 I I I I I I I I I
000 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
Time

Figure (7): Concentration at x = 0.25
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(—©— _concentration at x = 0.35 & 5(0.4)=0.351)
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Figure (8): Concentration at x = 0.35

(—S— cConcentration at x = 0.45 & 5(1.1)=0.445)
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Figure (9): Concentration at x = 0.45

It is clear from figures (7-9) that the concentrations at time
zero equal the initial condition. The behavior of the
concentration after that decreases till the concentration at
the moving boundary, then jump in the concentration profile
occur at behave constant value at equal to the particle
concentration.

Test problem (2)

For the second test problem, the moving boundary is plotted
in figure (10) resulting from the present solution and the
corresponding analytical solution. It can be seen that the
error between the two solutions is small and can be
neglected. As time proceeds the present solution starts to
deviate but the error still small.
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Moving boundary position

Figure (10): Moving Boundary for test problem (2)
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Figure (11): Variation of concentration for test problem (2)

It can be seen from figure (11) that, the concentration at the
three points has an exponentially increasing. Also at the
same time the concentration at the point near the outer
surface is small compared with the concentration at the
point far away from it and this also agrees with the physics
of the problem.

CONCLUSION

Due to the lack of mesh-less methods for solving alloys
problems, we focus our attention to try solving these type of
problems. One of these methods is the collocation, but
usually we encounter singularity problem especially when
using thin plate radial basis function. Due to this difficulty
we suggested a composite radial basis function consists of
superposition of both cubic and thin plate radial basis
functions connected by a control parameter which take only
single value zero or one. When dealing with diagonal
elements we will use the cubic radial basis function and for
the rest of the stiffness matrix elements we will use the thin
plate radial basis function due to its high accuracy. A
generalized algorithm is also designated to cover high
dimensional problems as well as ternary and multi-
component alloys. The accuracy of the results due to the
suggested radial basis function and the proposed generalized
algorithm is acceptable and promise more improvement in
the future works.
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v *
w1
Compute /1computed C(X)
dsn
Evaluate s gy, = s" + A -
A N
Apply equation (27) t0 get's e e
v
n+1 n+1 n
computed guess n ds
Guessanew s ,
At
A
NN
AT RN
A
E, )s(t )“Comp from eq.(22) ~ computed
E, <¢y No
Yes
n+l
Evaluate AComp from eq.(35)
n+l
ntl ds n+1 Yes —@
s, ——,
Figure (2)
Table 1: Numerical data
CPart Co ¢ So D
Test problem (1) 0.53 0.1 1.0 0.2 1
Test problem (2) 100 0 01x107*m 0.1x10°m 10™°*m? /sec
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